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CHAPTER-1

INTRODUCTION AND PRELIMINARIES
TO THE FIELD OF STUDY

This chapter is preliminary and provides the development to the field of Study.
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1.1 INTRODUCTION

This chapter provides the introduction and preliminaries and updates the
advancements in special functions and fractional calculus.

It includes definitions of hypergeometric functions of one and multi variables,
Zeta functions along with their generalizations in their series and integral forms, Mittag-
Leffler functions and their extensions, related generalized functions and multi variable
analogues, the Laplace transform with its properties, generating functions, as well as
fractional integral and differential operators. The elementary Gamma and Beta
functions are also defined here with their k-generalized forms.

This chapter further offers a concise review of key contributions from early
researchers in the direction to unify the study of Mittag-Leffler function and Zeta
functions as certain class of functions. The kinetic equation of fractional order are also
attracting the researchers in recent years. The generalization of these equations for
arbitrary order is also presented here. Additionally, it provides a glossary defining all
symbols employed throughout the thesis, along with chapter-by-chapter summaries of

the subsequent four chapters.

1.2 SPECIAL FUNCTIONS

Special function is a branch of mathematics which has attracted the attention of
many pioneer mathematicians namely Euler (1729), Gauss (1812), Clausen (1828),
Kummer (1836), Appell (1880) Lauricella (1893) and others. We present briefly the
definitions of some relevant functions here in continuation of the developments and

closely related to the field of present study.

(1) Hypergeometric Functions

(@) Gauss hypergeometric function
The Gauss hypergeometric function 2Fl(a,b;c;z)is defined in the unit disk as

follows [96, p. 18, eq. (17)]:

JF(abicz)=3 2 a) (b) z (1.2.1)

o nt
where |z|<L a,beC; ¢#0,-1-2,..;and (@) is Pochhammer symbol defined for

aeC and non-negative integer N € N, by
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(a),=1and (a) =a(a+l)(a+2)..(a+n-1) -(1.2.2)
The series given in (1.2.1) is absolutely convergent for |z|<land for |z|=1,

when Re(c—a—-b)>0, while it is conditionally convergent for |z|=1 (z#1) if

~1<Re(c-a-b)<0 and itis divergent for |z|=1, if Re(c—a—b)<-1.

The function , F; includes as its special cases, the Legendre functions, the incomplete

beta function, the complete elliptic function of first and second kind and most of

classical orthogonal polynomials.

(b) The Kummer's confluent hypergeometric function

Ifin (1.2.1) we replace z by % and let b — oo then in view of {%z” N Zn}

we arrive at the well-known Kummer's confluent hypergeometric function

(,zﬁ(a;c;z)z1F1(a;c;z)=§:ﬂz—n ..(1.2.3)

n=0 C)n n!
where a,z eC: c=0,—1,—2,...: but, in contrast to the hypergeometric series in (1.2.1)

this series is convergent forany zeC.

(c) Generalized hypergeometric function
In the Gaussian hypergeometric series 2Fl(a,b;c;z), there are two numerator

parameters a,b and one denominator parameter c. A natural generalization of this

series is defined and represented by [96, p. 19, eq. (23)] (see also [81]):

Ay O o (al)n,...,(ap) 7"
= B B)= Yy —————— .(1.24
qu[ﬂli---,ﬂq;z} qu(ala 1ap1ﬂ1’ ,ﬂq,Z) & (,Bl)n;---,(ﬂq)n nl ( )
ﬂ] 750,_1,_2,,]:1,,(1 (125)

(@ if p<q,the seriesin (1.2.4) converges for all finite value of z,
(b) if p=q-+1, the series converges for |z| <1and diverges |z|>1,

(c) if p>qg+1, the series never converges except when z =0 and the function is

only defined when the series terminates.

Furthermore, if we take
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q p

a):ZIBJ —Za] ...(1.2.6)
j=1 j=1

It is known that the , F, series, with p=q-+1, is:

(i)  absolutely convergent for |z| =1, if Re(w)>0

(ii) conditional convergent for |z| =1,z #1,if -1<Re(®)<0 and

(iii) divergent for |z| =1if Re(@)<-1

(d) Wright's generalized hypergeomtric function
Further generalization of the series Fq is due to Fox [22] and Wright [115] [114]

who studied the asymptotic expansion of the generalized hypergeometric function

defined in the following form

} [Tr(e+An)

> _| .(1.2.7)
“TIr(s +Bjn) '

j=1

y [(al,Al),...,(ap,Ap)'
(BB (BB,

where the coefficients Ai,---,Ap and By,..., B, are positive real numbers such that

") q,
q p
1+> B, -D A 20
j=1 j=1
The function defined in (1.2.7) is known as the Wright's generalized
hypergeometric function.
In literature Wright's generalized hypergeometric function v/, [] is also
defined and represented in the following manner

a,A), e, A w I_IF(OCJ)AAn n
pl//{( oA)l, Ap), Z]‘Z—qu ] Z— .(128)

If we take A =1(j=1..,p) and B;=1(j=1..,q)in (1.2.7) the Wright's
generalized hypergeometric function reduces into the generalized hypergeometric

function | F,[.] i.e.
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a,l),..\a,1); s ﬁF % Ay O
" |:( 111)’ ’( p’l).'z:|_Z]l—() F{ 1"'"' p-’z:| ."(1.2.9)

(i)  Hypergeometric Functions of Multivariables

(@) The Kampé de Fériet function

In 1880, Appell introduced four functions, F;,F,,F; and F,, which extend the

Gauss hypergeometric function ,F; in two variables and are widely referred to as

Appell functions today. Kampé de Fériet [96, p. 27, egs. (28), (29)] later expanded these

functions F;, to F, and their confluent variants.

(ej >n XM yn

()"

.(1.2.10)

The series is more compact than the one used originally by Kamp de Fériet.
The multivariable extension of the series defined in (1.2.10) is also available in the
literature and known as Kampé de Fériet hypergeometric function of several variables.
The Kampé de Fériet function of several variables is defined and represented by the
following form [96, p.38, eqgs. (24)-(28)] (see also [106, p. 1127, eq. (4.1)]).

pip.in | X Piby,..Pn (ap);(alpl),...,(a;)n);
Fq:qru-‘un = Fq;ql,...,qn . ' R X,
{ } {(bq%(ﬂ%),...,(ﬂn);xi
_ 3 XXy
_sl,_;n:oA(sl ..... ) ST e L(12.11)

where

(1.2.12)

and for convergence of the multiple hypergeometric series in (1.2.11)
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1+q+qg,-p-p. 20, k=12,..,n ..(1.2.13)
The equality holds when in addition, either

p >q and |x1|%’—q +...+|xn|%)—q <1 ...(1.2.14)
or

p<q and max{|x1| +...+|xn|}<1 ..(1.2.15)

(ili)  Zeta Functions and Related Generalized Functions

A general Hurwitz-Lerch Zeta function ¢(z,s,a)is defined in the following

manner [19, p. 27, eq.1.11 (1)] (see also [98, p. 121]):

¢(z,s,a)=i; zZ .(1.2.16)

(n+a)’

(aeC/z,,seCwhen|z|<1and Re(s)>1 when |z|=1)

and equivalent in the following integral form [19, p.27, eq. 1.11(3)):

1 © ts—le—at
$zs) =55l

dt (1.2.17)

(Re(a)>0;Re(s)>0when |z|<1(z#1); Re(s)>1when z=1)

The general Hurwitz-Lerch Zeta function ¢(Z,S,a) defined by (1.2.16),
contains, as its special cases, the Riemann Zeta function &£(S), the Hurwitz (or

generalized) Zeta function £(s,a) and the Lerch Zeta function | (&) defined by (see

for details, [19, Chapter -1] and [98, Chapter -2])

é(s):g(nil)s - $(Ls) (Re(s)>1) .(1.2.18)
g(s,a)zg(n:a)s (Re(s)>LacC/z;) .(1.2.19)
and

5(5):;1 ‘:]:) ~p(e 5.1) (Re(s)>LEeR) .(1.2.20)

respectively.
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A generalization of (1.2.16) is introduced in series representation by Goyal and
Laddha [28, p. 100, eq. (1.5)] as follows:
¢2(z,s,a):iﬂz_ (1.2.21)

= n! (a+n)y
(a21, Re(a)>0, |7 <1)

and equivalently in the integral form [28.p. 100, eq. (1.6)]:

t —l —at

4. (2,5,a) j (1.2.22)
o 1 ze™"

(@>1Re(a)>0and either |z| <1 (z#1);Re(s)>0 or || =1,Re(s)>1)

for =1, (1.2.21) concides with (1.2.16).
Another generalization of (1.2.16) is introduced and studied by Garg et al. as

follows [24, p.27, eq. (1.4)]:

n

b,0,(2,52)= Z (y) nl L _ .(12.23)

(a+n)

(y,a;to,—l,—z,... ;s e Cwhen |z|<land Re(y +s—a—)>0when |z|=1)

and equivalently in the integral form [24, p. 27, eq. (1.5)]:

b, (2:52) r( fts‘l R Biyize )t (1.2.24)

(Re(a)>0;7#0,-1,-2,..; Re(s)>0 and |z|<1 or |7| =1with Re(y—a—)>0)
where ,F (@, f;7,2) is the Gauss's hypergeometric function and (4) denotes the

Pochhammer symbol.
An another extension of general Hurwitz-Lerch Zeta function is also introduced

and represented by Lin and Srivastava in the following manner [58, p.727, eq. (8)]:

0 n

(z,5,a) Z

= ( a+n)

.(1.2.25)

(yec,a,VeC/Zo’;p,ae R*;0>pwhens ; cc: - pand seCwhen
|z| <% o=p and Re(s—u+V)>1 when 2] =1)

and equivalently in the integral form [58, p. 727, eq. (14)]:
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477 (z,5,) %Tt“e a { (V)G()l 1)_ ‘t}dt .(1.2.26)

(Re(a)>0,Re(s)>0when |z|<1(z#1); Re(s)>1 when z=1).

To unify all the scattered definitions of Zeta functions and its generalizations

mentioned as above Srivastava et al. defined the extended Hurwitz-Lerch Zeta function

¢"7"(z,5,2) in the following series form [101, p.491, eq. (1.20)]:

o0 n
p"k (z,,a) "” (W _ 2 (1.2.27
Z nt (a+n) (2.27)

(i,ueC;a,VeC/Zo‘ ;py0,keR;k—p—o>-1whens,zeC;k— p—o=-1and
seCwhen |7<8 =pP0 K ;k—p-o=-1 and Re(s+v-A-u)>1 when
|2|=6" =p’pa"’kk)

and equivalently in the integral form [101, p.494, eq. (2.4)]:

(.o k) sl —at * (i'p)(lu’a)’ -t
$o (2,8,8)= 0@); jt 2‘//1{ (v.K) 28 dt .(1.2.28)

(min{Re(a),Re(s)} >0, p,o,k € R*and k— p—o > —1 (with equality when
7]<5"=p 7o k")).

A generalization of extended Hurwitz-Lerch Zeta function @";’Vk(z,s,a) IS
defined by [101, p.503, eq. (6.2)]:

[1(4),,

n

o, S z
pr o) (7,5,8) =y 2 - ..(1.2.29)
Y NT— nzoﬁ(ﬂj) n(n+a)
i no;
(p geN, ﬂ,JEC(jZ:L ..... p) a,,ujeC/ZO(J—l ..... C])GJ o R
(j=1..pk=1..0q))
and equivalently in the integral form [101, p.504, Eq. (6.4)]:
v 1 PL) s AoiPp);

o (250) J e, (o) p).ze“ dt.(1.230)

(M,Ul),---,(ﬂq,o'q
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min{Re(a),Re(s)}>0.
A class of functions related to general Hurwitz-Lerch Zeta function Gj (X, a,a, b)

and its multivariable analogue are also available in the literature these classes are
defined and represented respectively in the following forms [80, p. 90, eq. (1.7); p. 99,
eq. (5.2)]:

0

0 (x,a,a,b)= j“l S (1-xe ) dt .(1.2.31)

0
A>0,1>1, Re(a)> Re(b) >0 when Re(b)=0then either || <1 (x#1),Re(a)>00r
x=1Re(a));

and

[¢]

J‘ a-lg-at-bt’ 1 X6 Pt) At ..(1.2.32)

—l

6 (X, X @, 8,0) =

(pl) AR

A‘H

o

(2>0,4>LRe(p,)>0(i=12,..,n)Re(a)>Re(b)>0; when b=0 then either
max (|x[) <1 (x #1), Re(a)>0or x =1(i=12,..,n), Re(a)> @g(ui))

The series representation of the class of functions related to general Hurwitz-
Lerch Zela function defined in (1.2.31) and (1.2.32) are respectively as follows [80, p.
91, eq. (2.1); p. 98, eq. (5.1)]:

1 &T(a-am)( e x"
0" (x,a,a,b)= .(1.2.33
H ( a ) Iﬂ(CZ) :E: :E: a Am - ( )

m=0 n=0

(2>0, u>1, Re(a)>0, Re(b)=0,Re(a)=VvA (veN), [x<1);

_ 1 il—‘(a—ﬂlf)(—b)k i (a+Q) (a- zk)ﬁ{(ﬂ. )mi le} (1.2.34)

(>0, 21(i=12,..,n), Re(a)>0, Re(b)>0,

Re(ar)#vA(veN), ma ax(|x)<1, Q= Zp,m,)

Furthermore, Gupta [30, p. 110, egs. (2.6.1), (2.6.2)] also consider a new

generalization of the extended Hurwitz-Lerch Zeta function, as defined in equations

9
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(1.2.27) and (1.2.28), in both single-variable and multi-variable forms which are

defined and represented as follows:

% « (4 ),
¢Aapak (Z’S’a’b)zij‘tsleatbt 21//1 |:( p)(lu G)-Zet:|dt (1235)

r'(s)q (v.k)
(a>0, Re(b) >0, 4, eC, a,veC/zZ;, min{Re(a), Re(s)}>0, p,0,keR’
and k — p—o >—1 (with equality when |z|< 6" = p "o ~k")

and

® 50
17 ts 1 —at-bt™* (ﬂ/p ’pp )’ s
- dt
Where for v I o1 IB ﬂl ..... IBr , J(I) Epl(l)i !pg) 1 le(l) = ﬂ,l(l),,ﬂ,’():)

o =000 ;v =v9, v and >0, Re(b)>0, min{Re(a), Re(s)}>0,
p.q € Ny ﬂf”,ﬂi,z,SEC; (i=1...p); av®eC/zZ;; (k=1..,q);
pfi),alﬁi) eR" (j=1..,p;k=1..,q).
The series representation of new generalized Hurwitz-Lerch Zeta function

defined in (1.2.35) and (1.2.36) are respectively as follows [30, p. 113, eq. (2.7.1); p.
114, eq. (2.7.3)]:

1 » —b m » /1 n
¢iaﬂ;:/ak)(z s,a,b) = (S)mzzo( ) T S am) nzz(; (a+n))5 — % ...(1.2.37)

(a>0, Re(a)>0, Re(b) >0, 4, u€C, aveC/Z,, p,o,keR",
Re(s)zad(d eN), |z|<L s,2€C)

and
“ Ei)'algi) . 1 & S am)
¢((1§if,v§”,ﬁi))(zl ----- Z"S’a’b):F(S % !
e T,
& (a+zniﬂ.j ) [ R Z_u ...(1.2.38)
ny,...,n =0 i=1 =1 H(Vlgl)) ()n
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For Vi=12,..,r; a>0; Re(b)>0; p,q €N,; pfi)eR+, /’tj“)eC (j=1..,p);the

a v’ eC/z,; o eR"; (k=1..,q); min{Re(a), Re(s)}>0; Re(s) = ad(d e N)
max (|z,]) <1.

I<i<r

(iv) Mittag-Leffler Function and Related Generalized Functions
(@) Classical Mittag-Leffler function

The entire function of the form

(2eC; Re(a)>0) .(1.2.39)

kzz(; ak +1)

was introduced by Mittag-Leffler [66] and is therefore known as the Mittag-Leffler
function. The elementry properties of this function were studied by Mittag-Leffler
([66], [67]) and by Wiman [113].

A generalization of Mittag-Leffler function defined in (1.2.39) was studied by
Wiman [113] in the following form:

o0 Zk

Eer (D= 2 e )

..(1.2.40)

where o, €C,Re(a)>0,Re(f)>0,zeC. Its properties are similar to those of

Mittag -Leffler function defined in (1.2.39). Its basic properties were investigated by
Agarwal [1] Humbert [41], Humbert and Agarwal [40] and Dzherbashyan [18].

When f=1 E, ;(z) coincides with the Mittag-Leffler function (1.2.39).
i.e.
E,.(2)=E,(2) (zeC,Re(a)>0) (1.2.41)

More detailed information may be found in the book by Erdelyi et al. ([21], Vol. 3
section 18.1) and Dzherbashyan ([18], chapter -111).

(b) Generalized Mittag-Leffler function
A generalization of the Mittag-Leffler function E, ;(z) defined in (1.2.40) was

introduced by Prabhakar [78] as follows:

E’ (z)=iLZ—k- .(1.2.42)

11
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where a,f,7€C, Re(a)>0 and (7), is the well-known Pochhammer symbol
defined in (1.2.2). This function is an entire function of ; of order [Re(a)]_l Its

properties were investigated by Prabhakar [78] and recently by Kilbas and Saigo [49].
In particular, when 5 =1, it coincides with the Mittag-Leffler function (1.2.40) i.e.

E.s(2)=E,;(2) (z.8C, Re(a)>0) (1.2.43)
when a =1, Efﬁ(Z) coincides with the Kummer confluent hypergeometric function

#(7:3,2), apart from a constant factor [ ()], i.e

E&(z)=ﬁ¢(%ﬂ:z) (1244)

A generalization of (1.2.42) has been studied by Shukla and Prajapati [93] in the

following form:

1()=3 U

o an+ﬂ nI

k
..(1.2.45)

where «,f,7 €C,Re(a)>0,Re(f)>0;q€(0,1)UN.

Another generalization of Mittag-Leffler function defined in (1.2.40) and (1.2.43)

was introduced and studied by Srivastava and Tomvoski [97] in the following form:

ek (e (D 2" .(1.2.46)

«n (2) Zr(an+ﬂ) n!
where a, 3,7, K € C,Re(a)>max{0,Re(K)-1},Re(3)>0,Re(y)>0,Re(K)>0.

A multi-parameter Mittag-Leffler function introduced and studied by Salim and

Faraj [86, p.2, eq. (6)] in the following form:

aﬁ
()= 27 an+ﬂ)(5)pn

where «, 8,7, €C; min{Re(),Re(8),Re(y),Re(6)} >0 ; p,q>0and

n

..(1.2.47)

q <Re(x)+ p.
Further generalization of multi-parameter Mittag-Leffler function is investigated
and defined by Khan and Ahmed [47, p.2, eq. (1.9)] as follows:

P74 Z)= N (:u)pn(y)qn z
Eaﬂv0'5P( )_gr(anhg) (V)gn(5)pn

.(1.2.48)

12
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where &, 5,7,0, 1.V, p,o€C; p,q>0;q<Re(a)+p, and
min {Re(a), Re(f), Re(y), Re(o), Re(), Re(v), Re(p), Re(a)} >0.

At u=vand p=o it reduce to eq. (1.2.47) and if £=V,p=0c and p=s5-1, then
it reduce to eq. (1.2.45), in addition of that if q =1 we get eq.(1.2.42).

A multi-index Mittag-Leffler function defined and studied by Kiryakova [52,
p.1888, eq. (7)] in the following form

E[l] (M)(Z):EE?) (Z):ZF( .

a;

.(1.2.49)

where z,¢;, B, €C,Re(¢;)>0, i=1,...m.

Another generalization of the function defined in (1.2.42) and (1.2.47) is defined
by [48, p.47, eq. (1.9.14)]:

0 k

Ep(< ) )kzml“(akJrﬂ)

j=1

1 (b1

:r(p)lwm{(ﬂl,%),...,( L );

where z, p, 5, eC,Re(aj)>O, j=1..nand meN.

z ...(1.2.50)

To extend the differential property of Mittag—Leffler functions defined in (1.2.42)
and (1.2.48), Kilbas and Saigo [49] define the following function

E.mi (Z):chzk ..(1.2.51)

with ¢, =1¢, = ir?(fﬂ??&ﬂ] (keN) (1.2.52)

j=0

a1 eC,meR Suchthat Re(a)>0,m>0,a(jm+1)eZ (jeN,).

This function occurs as the solution of certain Abel-Volterra integral equations.
Properties of E, ( ) are investigated by Gorenflo et al. [27], Kilbas and Saigo ([50],
[49]), Saigo and Kilbas [85] and others.

13
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(c) Multivariable Mittag-Leffler function

The multivariable Mittag-Leffler function E, . (z,...z,) of N complex

(820
variables Z,..,Z, €C with complex parameters d,,...,a,,0 € Cis defined by [48, p.49,
egs. (1.9.27), (1.9.28)]:

o h+.+l=k

Kk [1z
iy (ZonZa) =2, D (I |]# .(1.2.53)
I AT r[b+zaj|j]

in terms of multinomial coefficients:

KoK Kl ..l eN
(E---Jnj_(ll)!---(ln)! e ln € N ...(1.2.54)

A further extension of both the Mittag-Leffler functions defined in (1.2.46) and
(1.2.49) was introduced and studied by Saxena and Nishimoto [90, p.44] in the

following form:

e [(@,8),2 ] = E (@ 8). ol B )i7]

r

5 (7)x Z_'

“TIr(s+ayr) r

j=1

..(1.2.55)

where z,7,a,,5; €C, ZRe( ;)>Re(K)-1j=1,..,mRe(K)>0.
A multivariable analogue of generalized Mittag-Leffler function (1.2.42) in the form
[88, p.537, eq. (2.1)] (See also (25]):

Zy)=E" (z,.,2,)

(Pt ) A

- (71)k1“'(7m)km Zlkl... ki

o kmor(mzm:pjkj(kl)!...?llm)!

with A7 P, <cand Re(pj)>0,j:1,...,m.

.(1.2.56)

A new generalization of multivariable Mittag-Leffler functions defined in (1.2.56) was

introduced by Gurjar et al. [33, p.7, eq. (1.8)] in the following form:

14
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(1.2.57)

where 4, p.,7,.1, €C; ]rST}iSI;In{Re(A),Re(pj),Re(;/j),Re(Ij)}>O and

A generalization of multivariable and multi-index Mittag-Leffler function was
introduced and studied by Jaimini et al. [44, p.2, eq. (3)] in the following manner:

0 ];[(% )Iiki Zfl Zkl

z ..(1.2.58)

k,;zom o V! Tk
et HF ﬂj+ZpJ— K;

where 3,7,k p\” €C; Re(pl")>0; Re(l)>0; B, ¢Z; ={0,-1-2,..};

J

(7)01) _
B ey (B 20) =

p}r):p},p},...,pﬁr); i=1..r;and j=1,..,m.

(v) Definition of elementary special functions
(@) Factorial function
The factorial function is denoted and defined by Rainville [81] in the following

form:

_I'(a+m) 1 ,(m=0)

(a), = r'(a) :{a(a+1)...(a+m—1), me N +-(1.2.59)

The function (a)m defined in (1.2.59) is also known as pochhammer symbol.

(b) Gamma function
The integral form of Gamma function is defined in [29, p.884, eq.312(2)] as the

following form:

Fa:Tx‘“exdx (Re(a)>0) ...(1.2.60)

(c) Beta function
The beta function of two variables is defined as follows [81]:

15
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B(x,Y) :jt“(l—t)“dt ...(1.2.61)

where Re(x),Re(y) >0

and in terms of gamma function, it is written as

_ I'xTy
B(x,y) = Tt y) ...(1.2.62)

An extension of Eulers beta function was presented by Choudhry et al. [9] (see

also [10]) in the following form:

p

l —_
B(x,Y; p) = It“(l—t)y’le gt ...(1.2.63)
0

where Re(p) >0,Re(x) >0 and Re(y)>0.

(vi) k-generalized functions

Further Diaz and Pariguan [13] introduced and defined the pochhammeer k-
symbol (a)nyk, k-generalized gamma function ', , beta function B, in the following

form

(@) Pochhammer k-symbol

For k >0, Pochhammer k-symbol is denoted and defined by

@), :{ a(a+k)(a+2k)...(a+(n—l)k);_ forn>1 a=0 } (12.64)
’ 1; ifn=0
(b) k-Gamma function
The integral form of k-Gamma function is defined as follows:
r(@=| 7%/ ax ...(1.2.65)
0
where zeC and k >0.
(c) k-Beta function
The k-beta function of two variables is defined as follows:
1
B, (X, Y) :% j /4t (1—t)"* dt ...(1.2.66)
0

16
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where Re(x), Re(y) >0

and in terms of k-gamma function, k-beta function is defined as

Ry (X))
BN =T )

Further Kokologiannaki [54], Kokologiannaki and Krasniqi [53], Krasniqi [55]

..(1.2.67)

(see also [63], [69]) have worked on the generalized k-gamma and k-beta function and

discussed the following properties:
[ (x+k)=xT, (x) .(1.2.68)
where x>0 and k>0.

_ T (x+nk)
(X TR ...(1.2.69)

where ne N, x>0and k>0.

r (k)=1, k>0 ...(1.2.70)

Further an extension of the k-Beta function was introduced as follows [71]
(see also [70]):

k
1 x p

B, (X.Y; p):%jtkl(l—t)z‘lek‘““)dt (1271

0

where k>0, Re(p)>0, Re(x) >0, Re(y)>0

For particular value k =1, it reduces to (1.2.63) in addition of that if p=0 we

get eq. (1.2.61).

(d) k-Mittag Leffler function
Dorrego and Cerutti [17] introduced a new Mittag-Leffler function. It is defined

and represented in the following form:
- ('O)n,k Xn
Bl ()= == .(12.72)

where k>0, x,I,m peC;Re(l)>0,Re(m)>0,Re(p)>0, (p) , and T’ (z)are

n,k

defined in (1.2.64), (1.2.65) respectively.

(e) Mittag Leffler type function

17
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To unify j — pseudo-hyperbolic, j— pseudo-trigonometric and A — hyperbolic

function, Pathan and Bin-Saad [75] introduced and studied the following Mittag-Leffler
type function of arbitrary order (see also [91]):

E)i(z)= i z

ST (u+v(nj+k))

nj+k

..(12.73)

where j>1k>0,v,1,2eC;Re(v)>0,Re(u)>0.

The study related to this function is rapidly attracting the researchers.

(vii) Class of functions
The asymptotic expansion of the Taylor-Maclaurin series was studied by Wright [114,
p. 424] in the following form:

N 4 ()
€4 (42)= ;F(amﬂ) z -..(1.2.74)

(a,f€C; Re(a)>0)

where ¢(n) is a function satisfying suitable conditions.

Barnes [4] was considered the asymptotic expansions of functions in the class it is

defined as follows:

n

EX) RN . (1.2.75
#(5:7) Z;‘ n+k)* T(an+ ) ( )

(a,feC; Re(a)>0)and for suitably-restricted parameters k and s

At Lim o — 0 We have the following relationship
Lim{E® (5;2)} = — d(z,5,k
aLrp{ M(s,z)}_ﬁ (z,5,k) ..(1.2.76)

where @(z,5,K) is Hurwitz-Lerch Zeta function defined in (1.2.16).
For unification of functions defined in (1.2.74), (1.2.75) and extended Hurwitz-Lerch

Zeta function (1.2.29), recently Srivastava [94] introduced a function. it is represented

in the following form:

c (& RS #(n) " (1277
wn (#i2:5.K) nz;‘(n+k)51"(an+,8)z ( )

(a,feC; Re(a) >0)and ¢(n)is suitably-restricted function.
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1.3 GENERATING FUNCTIONS
(1) Linear Generating Functions

Consider a two-variable function F(x,t)which possesses a formal (not

necessarily convergent for t == 0) power series expansion in t such that:

F(x,t)zi f, (x)t" ..(13.1)

n=0

0

where each member of the coefficient set {f, (x)}” is independent of t. Then

the expansion (1.3.1) of F(x.t) is said to have generated the set { f, (X)} and F(x.t)
is called a linear generating function (or simply, a generating function) for the set
{ f, (x)} . If a generating function ¢(X,t) possesses a power series expansion which is

obviously divergent whenever t == 0, we shall find it convenient to use the following

notation to indicate divergence.

¢(x,t);i¢n(x)t” ...(1.3.2)

The foregoing definition may be extended slightly to include a generating function of

the type:
G(x,t)=>c,0,(X)t" ..(13.3)

where the sequence {cn}:’zomay contain the parameters of the set gn(x) but is
independent of X andt.

where the sequence {7/n}is independent of X, y and t, the sets of functions {f.(2)}

n=0
and {g, ()}~ _are different, and (n)and B(n) are functions of N which are not
necessarily equal.

(i)  Multivariable Generating Functions

In each of the above definitions, the sets generated are functions of only one variable,
suppose now that G(X,..,X;t) is a function of r+1 variables, which has a formal

expansion in powers of t such that:

oo}

G (Xpreees X 5t) = D€y (X, eoes X )" ..(1.3.4)

n=0

19



Chapter-1

where the sequence {Cn} is independent of the variables X;,...,X, and t. Then we shall
say that G(X,...X;t)is a generating function for the set {g, (x,...x)}",

corresponding to the non zero coefficient C, .

(iii) Multilinear and Multilateral Generating Functions
A multivariable generating function G(X,,...,x;t) given by (1.3.4) is said to be a

multilinear generating function if:
On (% X ) = T (X0) By oy (%) ...(1.3.5)
where & (n),...,, (n)are functions of N which are not necessarily equal.

More generally, if the functions occurring on the right hand side of (1.3.5) are all
different, the multivariable generating function in (1.3.4) will be called a multilateral
generating function. Furthermore details of generating functions see [99, p. 78].

The more work on generating functions may be found in Szeg6 [111], Polya and
Szeg0 [77], Rainville [81], Carlitz [7] and Srivastava and Singhal [102].

1.4 FRACTIONAL CALCULUS

Fractional calculus presents the study and application of derivatives and integrals
of arbitrary order and provides the generalization of classical calculus for integer order.
Over the last thirty years, it has become increasingly significant due to its practical use
in many areas of science and engineering. In mathematical analysis, there are many
fields where fractional calculus have been effectively used in various branches such as
integral and differential equations, special functions, integral transform, operational
calculus and univalent and multivalent functions. (See [90] [88]).

Several mathematicians have made notable contributions to its development in
the last century, included P.S. Laplace, J.B.J. Fourier, A.V. Letnikov, A.P. Laurrent,
P.A. Nekrassov, A. Kurg, J. Hadamard, O. Heaviside, S. Pincherie, G.H. Hardy, J.E.
Littlewood, H. Weyl, P. Levy, P. Marchand, H.T. Devis, A. Zygmond, A. Erdelyi and
H. Kober.

Fractional calculus has its origin in the question of extension of meaning to the

familiar differential operator D". When n is not necessarily positive integer means

where it is any arbitrary number rational, irrational or complex.
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The first approach to the idea of fractional derivatives was made by Lebnitz
(1695), in his later to L' Hopital. Further in (1819), the first mention of derivatives of
arbitrary order appeared in the text by French mathematician Lacroix [57]. He started
with the formula

d"x" n!
= n-m .(1.4.1
dx™ (n—m)!x ( )

n,m are positive integers.

Between (1832) to (1855) Liouville wrote several papers on fractional derivatives
and made the major study of fractional calculus. The papers by Liouville (1832) and
(1837) were the first once that contained an application of fractional calculus to the
solution of some type of linear ordinary differential equation. In other paper (1835)
Liouville considered the effect of change of variable in fractional derivatives and
integrals.

In the literature now these fractional integrals and derivatives are known as the

Riemann Liouville fractionals integrals and derivatives.

The Fractional Integrals and Derivatives
(1)  The Riemann - Liouville operators

There are many papers, in which the definitions of fractional derivatives and
integrals of the function of single variable are reported. Some of them as follows. The
Riemann - Liouville fractional integrals and derivatives studied in [62] [61] [65] are

defined and represented in the following manner (see also (72],[87]):

The Riemann-Liouville fractional integrals (17 f) and (1 f)of order

ae C(Re(a) > 0) are defined as follows:

(12.1)(x) = f(t)(x—t)""dt (x>a;Re(a)>0)  ..(L4.2)

(04

=
~|
R

(11)(x)= )f(t)(t—x)“‘ldt (x<b;Re(z)>0)  ..(14.3)

(24

—
e
X e T

respectively. Here I'(a) is the Gamma function. These integrals are called the left

sided and right sided fractional integrals.
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The Riemann-Liouville fractional derivatives (D, f) and (Dj f)of order

ac C(Re(a) > O) are defined as follows:
o d " n—-o
(Da+f)=(&j (Ia+ f)(X)

:ﬁ(ﬁx] E%dt (nz[Re(a):|+2L'x>a) ..(1.4.4)
and
(021)=( ) 7 1)00

:ﬁ(_%j '[(t—fx%dt (n=[Re(a)]+Lx<b) ..(1.4.5)

respectively, where [ Re(a) | means the integral part of Re(a).

From among the various definitions of fractional calculus (i.e. fractional
derivatives and integrals) given in literature, we choose here the following definition

which were used earlier by Owa [74] and many others.

The fractional integral of order A is defined, for a function f(z), by

D, == ﬂ)! 1, d¢ .(1.4.6)

where 1>0, f (Z) is an analytic function in a simply connected region of the z -plane
containing the origin, and the multiplicity of (z—cj)H is removed by requiring log
(z—¢) to be real when z—¢ >0.

The fractional derivative of order A is defined, for a function f(z), by

D/ f (2)= ! F&) 4r (147

(li zé’)

where 0<A<1, f (Z) is an analytic function in a simply connected region of the z -

plane containing the origin, and the multiplicity of (z—g)’]“ is removed as in (1.4.6)

above.
Under the hypotheses of (1.4.7), the fractional derivative of order n+ 4 is
defined by
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n+A4 R p Y
D; f(z)_OIZ D; f (z) ..(1.4.8)

Where 0< 2 <1, and ne N, =N U{0}.

(i)  Saigo operator

Saigo [84] studied the generalization of Riemann-Liouville operator involving
the Gauss hypergeometric function, for the details we refer to [100, pp.283-306]. These
generalized operators are defined and represented as follows:

Let v>0 and x, p<eC. Then, in terms of familiar (Gauss's) hypergeometric function

,Fi, the generalized fractional integral operator |, of a function f(X) is defined

by
(|vypf ;(V)'c[ (V+,u pvl—;jf(t)dt ..(1.4.9)
(”,y,p f )( ):ﬁjx‘(t_x)v_ltvﬂ ,F, (v+,u,—p;v;1—%j f(t)dt ...(1.4.10)

(iii) Erdelyi-Kober fractional integral and derivative operators
Erdelyi-Kober fractional integral and derivative operators are defined in

Kiryakova [51]. It is defined as follows:

(';,vf)(X)=§(vvp) I(X—t)”t"f(t)dt (1411)
(0. 1)) =y [0 0 (1412)
(D;,vf)(x):(%jm(ugym W) (o) (413)
(0,0 )0=[~&] (1) (14.14)

Where p,veC, Re(v) >0, m=[Re(v)]+1 and xeR",
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(iv) Marichev-Saigo-Maeda operators

Marichev [64] and Saigo and Maeda [83] studied the generalized fractional
calculus operators with the Appell function F,in their kernel. These operators are
known as Marichev-Saigo-Maeda operators and defined as follows:

Let v,v', u1, 1,7 € C With Re(n) >0 xeR" , then the left and right fractional

integral operators are defined as follows [83]:

vV, _ X i g\ Ly ! [P _l _5
(132 f)(x)—r(n)l(x t)""t Fs[v,v,,u,,u,n,l - tjf(t)dt ..(1.4.15)
VLV _ X_v‘ T VA Y ' .o, _1 _l
(1 f)(x)_r(n)_x[(t x)"t Fs[v,v,,u,u,n,l o Xjf(t)dt ...(1.4.16)

where F; is defined as follows [96]:

P v i) = 37 (el UL () <1)

..(1.4.17)
And for v,v', y1, 1,7 e C With Re(n) >0 ,x e R", the left and right Marichev-Saigo-

Maeda fractional differential operators are defined in the following manner [83]:

(Dgmsr£)(x) = (15741 £ ) (x)

= [%J (Igj"‘v*‘”'““"*‘"’“m f )(x) ...(1.4.18)
and

(Do ) (x) = (1w s £ ) (x)

_ (_&) (12 smmmenm £ (x) ...(1.4.19)

where m=[ Re(7) ]+1and [ Re(r)]denotes the integer part of Re(77).

These operators are reduced to be the following Saigo fractional derivative operators
[84]:

(D(\),:y,o,fp,o,v £ )(X) _ ( DY f )(X) , (,0 € C) ...(1.4.20)

and
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(DYoo) (x)=(D™ £ )(x) (peC) ..(14.21)

(v) Caputo-type fractional derivative operator
Recently Rao et.al [82] introduced and studied the Caputo-type fractional
derivative that have the Gauss hypergeometric function in the kernel these fractional

derivatives are defined in the following manner.
Let u,v,acCcwith Re(v)>0,xeR"then the left and right Caputo-type fractional

differential operators are defined as follows.

(c Déiv'a f )(X) _ ( I0—+v+[Re(v)]+l,—y—[Re(v):|—l,v+a—[Re(v)]—l f ([Re(v)]ﬂ) )(X) - (1 422)
and
( Cpave f )(X) _ (_1)([Re(V)]+l) ( |0—+V+[Re(V)]+1,—u—[Re(V)]—l,vm f [Re(v)]+1 ) ( X) (1423

(vi) Caputo-type Marichev-Saigo-Maeda fractional derivative
Recently Kataria and Vellaisamy [46] studied The Caputo-type Marichev-Saigo-
Maeda fractional differential operators in the following form:

Let v,v'uu'&ccwith Re(£)>0,xeR"then the left and right Caputo-type
Marichev-Saigo-Maeda fractional differential operators are defined as follows,
(CDpr# £)(x) = ( 1R -l Ret ] ([Ret)]4) )(x) ..(1.4.24)
and
(c DYkt f )( X)= (_1)[R9(V)+1] ( | Vi Re() -G Re(v) [ [Re(V)]+1)(X) (1425)
(vii) Liouville-Caputo fractional derivative operator

Liouville [62] and Caputo [6] defined a fractional derivative of order , >o0o0f a
function f (t)as follows.

y (), a=neN,

S0} =(0z 1)) - 0 4

1 f0
F(”-#)!(X—t)"‘“1 A

n—-1<Re(u)<n;ne N)

...(1.4.26)

known as Liouville-Caputo fractional derivative.
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[Re()]+1  (##No)

.(1427)
H (ﬂe No)

where n ={

(viii) Hilfer fractional derivative operators

The Two-parameter family of fractional derivatives of order is (0 < 4 <1)and

type V(O <v Sl)was introduced and studied recently by Hilfer in the following manner
(see [37],[38] and [39]; see also [36] and [112]):

HpRuv _ RLy V(1-4) i RLy (1-v)(1-x)
("D f)(x)—i( |10 dx( 1 f)j(x) ..(1.4.28)

Here, the right sided and left sided Hilfer fractional derivative of order « and

type V with respect to X are defined, in terms of the Riemann-Liouville fractional
integral operator defined in (1.4.2) and (1.4.3).

In particular at V=0 and v =1 Hilfer fractional derivative operator defined in (1.4.28)

reduce to Riemann-Liouville fractional derivative and familiar Caputo fractional

derivative operators respectively.

Today fractional calculus models find applications in physical, biological,
engineering, biomedical and earth sciences. Most of the problems discussed involves
relaxation and diffusion models. Thus, it gives rise to the generalization of initial value
problems involving ordinary differential equations to generalized fractional order
differential equations and Cauchy problems involving partial differential equations to
fractional reaction and fractional diffusion equations. Apart from the above work
fractional calculus is studied by Oldham and Spanier in [73]. One of the most recent
works on the subject of fractional calculus is the book of Podlubny [76], some of the
latest works especially on fractional models of anomalous kinetics of complex
processes are the volumes edited by Carpinteri and Mainardi [8] and by Hilfer [37] and
the book of Zaslavsky [116]. Indeed, in the mean time, numerous other works have also
appeared. These include the remarkable comprehensive encyclopedic type monograph
by Samko, Kilbas and Marichev [87], the book devoted substantially to fractional
differential equations by Miller and Ross [65], Prof. V. Kiaryakova also published a
book [51] and very recently a monograph by Kilbas, Srivastava and Trujillo [48]
presents the upto date work on fractional differential equations.
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1.5 INTEGRAL TRANSFORMS
Let f(t) beafunction of t defined in an interval (&,b). Let k(p,t) be a known

function of two parameters p and t; where p is a parameter (may be real and

complex) independent of t, then the integral equation
b
Tf(t);p]=[k(p,t) f (t)dt ~(15.1)

is called the integral transform of the function f (t) provided (1.5.1) is convergent.

The function f (p,t) appearing in integrand is called kernel of the Transform.

If we choose

0 ,t<0
k(p,t):{ept 50 ..(15.2)

Then the transform (1.5.1) leads us to the Laplace transform.

(@) Laplace Transform

Let f(t) be a function of t defined for all the positive values of t then the

Laplace transform of f (t), denoted by L{f (t)}, is defined by
L{f(t):ph=[e™f (1)t (153)
0

provided that the integral exits. The parameter p is a real or complex number. In

general, p is taken to be positive real number.

L{f (t)} being a function of p is briefly written as ?( p) ie.

L{f(t): p}z?(p)=fe‘p‘f (t)dt ..(1.5.4)
0
(b) Inverse Laplace Transform
If the Laplace transform of a function f (t) is f(p),ie. L{f(t):p}="f(p),

then f (t) is called an inverse Laplace transform of the function ?( p) and is written

as
f(t)=L"{F(p):t} ...(1.5.5)

where L™ is called the inverse Laplace transformation operator.
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(c) Convolution
Let f(t) and g(t) be the two functions such that

(1)  They are piecewise continuous in 0<t<T

(i)  They are of exponential order & .

(iii) Ll{f(p):t>:f(t); Ll{g(p):t}zg(t)
then the convolution of the two functions f (t) and g(t) denoted by f *g is defined
by
f*g=L‘1{f(p).é(p)}=':[f(u)g(t—u)du ...(1.5.6)

More detailed information may be found in the books by Ditkin and Prudnikov [14]
and Doetsch [15], [16].

(d) Laplace transform of derivatives

The Laplace transform for ordinary derivative £ (t)of order N€ N, is given

as follows:

{10 (t):s}:S“F(S)_:Z_;skf(“kl) (t) (neN,) (157)
or

L{101):5) =5 (5)_§s"k1f(k) (04)  (neN,) (1538)

Laplace transform formula for right sided Liouville-Caputo fractional derivative
(*°Dg. )(t)is given as follows (see[ 76, p.80, eq. (2.140)] and [ 48, p.98, eq. (2.4.62)])

L{(*°Dg f)(1): }—S”F(s)—:z_:s" a & {f(t)} .(1.5.9)
=s"F ) gik1f k) ...(1.5.10)
k=0

(n—1< Re(#)<n; ne N)
Laplace transform formula for the right sided Hilfer fractional derivative operator

"D of order 22 and type V is given as follows (see [94, p.2651, eq. (1.15)]):
L{("Dg £)(t);s} =s“L{f (t);s}—s"“ 2 (U £ )(0+) L(15.11)

where (Rngfv)“*”) f )(o+) is the Riemann-Liouville integral of order (1-v)(1-u).
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1.6 KINETIC EQUATIONS

Initially, Abel (1823), Riemann, and Liouville laid the groundwork for fractional
kinetic equations by creating fractional operators and in the twentieth century. Mittag-
Leffler, Lévy, Feller, and others linked these operators to physical applications. More
recently, significant contributions by Haubold, Mathai, Saxena, Kilbas, and Srivastava
have established FKEs as powerful tools in modeling processes such as anomalous
diffusion in porous media, viscoelastic relaxation, reaction-diffusion systems,
turbulence in plasmas, population dynamics, astrophysical transport, and
epidemiological spread.

Consider an arbitrary nuclear reaction process characterized by a time-

dependent variable N (t) The rate of change of this quantity can be expressed as the

balance between its production rate p and destruction rate d :

dN
= _d ...(l.6.1
dt P ( )

In realistic astrophysical systems, however, both the production and destruction rates

depend on the current state of the system, i.e., d =d(N)and p=p(N). These rates

are not only functions of the instantaneous value N (t)but also depend on the past

history of the system, reflecting the inherent memory effects in stellar plasmas.

Thus, the general reaction-type equation can be formally written as (see [34]) :

Z_TZ_ (N)+ p(N,) .(1.6.2)

Where N =N (t)characterizes the rate of reaction, d =d(N)signifies the rate of
destruction , and p= p(N )represents the rate of production and the function N (t)

represents the function N, (t")=N(t—t"), for positive parameter t".
For the specific case where we neglect spatial fluctuations and inhomogeneities in
N (t), we arrive at the equation :

dN
=N () ...(1.6.3)

With the initial condition N, (t=0)=N,, which represents the number density of
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species i attime t=0and ¢, > o. If we generalize this equation by removing the index
and integrating the standard kinetic equation, we obtain :

N (t)—N, =—c,D*N(t) ..(1.6.4)

-1 . . . . .
Here, ,D," represents a special case of the Riemann-Liouville integral operator .

The fractional generalization of the standard kinetic equation is provided by Haubold
and Mathai [34] as :

N(t)—N, =—c*,D'N(t) ...(1.6.5)
They further derive the solution for the above equation as follows :
N (_1)n “n
N(t)=N,)» ————(ct ...(1.6.6
(0= NS oy ) (1.6.6)
Additionally, Saxena and Kalla [89] explore a fractional kinetic equation :
N(t)-N,f(t)=—c”,D'N(t),  Re(x)>0 ..(1.6.7)

In this equation, N (t) represents the number density of a specific species at time t,

N, Is the initial number density of that species at t=0, cis a constant , and f belongs

to the function space L(0,) .

1.7 GLOSSARY O F SYMBOLS USED

In the thesis, the reference to the work of other authors have been indicated in square
brackests i.e. [9]. Thus [5, p.35, eg. (1.3.9)] would mean that the results referred to is
given by equation number (1.3.9) on the page 35 of the paper (or the book) at serial
number 5 in the list of references. The result of the text of the present work have been
specified in parenthesis ( ); for example (4.3.9) refers to equation number (9) of the

third section in fourth chapter of the thesis.

The glossary of the symbols used in the thesis is as follows:

Symbol Stands for
I'(z+n)
: 1)... -1
1 (z), z(z+1)..(z+n-1)or )
2. (1), 1
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Chapter-1

(a,)or (a, )., a,8,,..,a,

(aa),, (av ). (2,,). (3,2,

Re(a) Real part of &

Z, 22

I'(z) Gamma function of ;

B(a, ) Beta function

R () Gaussian hypergeometric function

Fol] Generalized hypergeometric function

F[Jor é(7;m2) Kummer’s Confluent hypergeometric function

Vol Jor swql] Fox-Wright’s generalized hypergeometric
function

FrPor Flz,...2,] Multivariable Kampg-de-Fériet function

m _n r(n+1)

r!(n—r)!or C(r+1)T(n—r+1)

.

E, (2) Classical Mittag-Leffler function

E,;(2) Classical Mittag-Leffler function

E () Generalized three parameter Mittag-Leffler
function

E/%(2) Generalized four parameter Mittag-Leffler
function

(m) i-i ittaa- i
Eivoym (2) Multi-index Mittag-Leffler function

El,ll:(]/al’ﬂl)""'(]/am 'ﬂm);z:l

E((Z{;l (Z31e2,) Multivariable Mittag-Leffler function
EZY (2,002, Multivariable Extended Mittag-Leffler
function
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22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

B(x,y: p)
B, (X, Y;p)
Efm (X)
B (% p)
EST (X p)
B (2)

E25 (5:p)

€. (4:7)

EL(s;2)
L{f (1))
L {?( p)}

n
D"of —
dz"

1.
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Multi-index Mittag-Leffler function

Generalized Multi-index Mittag-Leffler function

Generalized Multivariable Multi-index Mittag-

Leffler function

Generalized Multi-index Multivariable Mittag-

Leffler function

Pochhammeer k-symbol

k-gamma function

k-Beta function

Extended beta function

Extended k-Beta function

k-Mittag-Leffler function

Extended k-Mittag-Leffler function

Extended k-generalized Mittag-Leffler function
Mittag-Leffler type function for arbitrary order

Extended Mittag-Leffler type function for

arbitrary order

Taylor-Maclaurin series
Barnes Class of functions

Laplace transform of function

Inverse Laplace transform operator

n" derivative operator

Left sided Riemann-Liouville fractional integral

operator
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42.

43.

44,

45,

46.

47.

48.

49,

50.

Y

52.

53.

54.

55.

56.

S7.

58.

IO{
DC(

a+

D

I vV
0+

I vV

AR
D0+

DVYV'v#vIl'vU

Cryuv,
D}

CDy,V,a

Chapter-1

Right sided Riemann-Liouville fractional integral
operator

Left sided Riemann-Liouville fractional
derivative operator

Right sided Riemann-Liouville fractional
derivative operator

Fractional integral (operator) of order A
Fractional derivative (operator) of order A

Saigo Left fractional integral operator

Saigo Right fractional integral operator
Erdelyi-Kober Left fractional integral operator
Erdelyi-Kober Right fractional integral operator
Erdelyi-Kober Left fractional Derivative operator

Erdelyi-Kober Right fractional Derivative
operator

Marichev-Saigo-Maeda Left fractional integral
operator

Marichev-Saigo-Maeda Right fractional integral
operator

Marichev-Saigo-Maeda Left fractional
differential operator

Marichev-Saigo-Maeda Right fractional
differential operator

Caputo-type fractional Left fractional differential
operator

Caputo-type fractional Right fractional

33



59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

CyVv.viuu'
D(‘)/+V,U/l§

C D(\)/,_V'vu,u',f

#(z.s.a)or ®(z,5,a)
#.(2.5.2)

b, (2,5.8)

4.7 (2.5.0)

0 (2.8.2)

g (2,8,9)

6/ (x,a,a,b)

Oy (% X3 0,8,b)

1 Ny

g2 (z,5,a,b)

a/fk’;“ (z,s,a,b)

M 0

¢(é'p’.’ k)(z, z,;s,a,b)

A ) con
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differential operator

Caputo-type Marichev-Saigo-Maeda left
fractional derivative operator

Caputo-type Marichev-Saigo-Maeda Right
fractional derivative operator

Liouville-Caputo fractional derivative operator

Hilfer fractional derivative operator

Riemann Zeta function

Lerch Zeta function

Hurwitz-Lerch Zeta function

Goyal-Ladda’s Hurwitz-Lerch Zeta function
Garg’s Hurwitz-Lerch Zeta function
Lin-Srivastava Hurwitz-Lerch Zeta function
Extended Hurwitz-Lerch Zeta function

Generalized Hurwitz-Lerch Zeta function

A class of generalized Hurwitz-Lerch Zeta

function of one variable

A class of generalized Hurwitz-Lerch Zeta

function of several variable
A class of Extended Hurwitz-Lerch

Zeta function

A general class of Hurwitz-Lerch

Zeta function
A class of multivariable Generalized Extended

Hurwitz-Lerch Zeta function
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1.8 ABSTRACT OF THESIS

The abstract of rest four chapters is as follows.
Chapter-2

In the chapter a general function for single and multivariable cases which unifies
the Hurwitz-Lerch Zeta as well as Mittag-Leffler functions are introduced. The integral
representations and generating functions for these functions, along with a mild

parameter extension are established. The chapter divides into two sections.
In section-A, the single-variable general function €'%"". (z,5,a) is studied. The

integral representation and four generating functions for this general function are
established as main result of this section. These results are further extended in view of
parameter. For illustration we present here the following result among the main results

established in section-A:
For min{Re(a),Re(s)} >0 ; o, g, u2cC;a,0€C/Z, ;6,v,EeR"E-6-v>-1
with |z| <8 =67v7"¢E*,

we have the following generating function

i[su —1} ehorr (7,5+1,a)t =2+ (z,5,a-t) ..(1.8.1)

1=0 |

provided that both the side of (1.8.1) exists.

Its mild extension is given as follows:
For all (i=12....p;j=12....d), P.geNy; s8,z,u,a,feC;a0,eC/Z;;
5i’10j eR,

we have the following generating function

i[“"lje(”ﬂ(%) (zs+l,a)t = M) (75a-t) (1.8.2)

1=0 | aﬁ;(%)’("ﬂ) ll,ﬂ;(crq),(pq)

provided that both the side of (1.8.2) exists.

As application of integral representations and generating functions established in
section-A certain known results for Hurwitz-Lerch Zeta function ¢(z,5,a) are shown

to be derived.
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In Section-B, the multivariable analogue of general function studied in section-A
is introduced. Here we have established the integral representation of this multivariable
general function and then certain generating relations associated with this general
function are also established. These results are further extended for its mild extension

in the section. For illustration we state one of these results here:

Forall i=1..r; & €R", 4,,5,2€C; min{Re(a),Re(s)} >0; Re(p;)>0

Re(¢;)>0;and max (|z,]) <1,

I<i<r

we have the following generating function

© (54 2] -1 .
S AT et (i)

i=0

1
Z[GEZ:)(;()pr) (zy)2,58,@+1)+ eﬁﬁ' ﬁ'(p ) (z4,-0n) ,;s,a—t)] ...(1.8.3)

provided that both the side of (1.8.3) exists.

Its mild extension as follows:
Forall (i=1..r; j=1..p; k=1..q;), P,0; €Ny 6V, o’ eR*; 8,0 €C/Z,

vz, peC,
we have the foIIowing generating function
o 2] — (i) 50
> > (” et o (202,554 21,@)t7
= ()it (o J{A")
_ ) L)t
_e(ai)’ﬁ;(}/i)’(o_l((i}):(plgi)) (Z Il ’ZI"S a+t) ([li ﬁ;(}/i)(o—(i))( (I)) (Z . 1Zrys a t)
..(1.8.4)
provided that both the side of (1.8.4) exists.
Certain known and new results associated with multivariable Hurwitz-Lerch Zeta

function are shown to be derived as applications of main results established in this

section-B.
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Chapter-3

In this chapter we have investigated integral representations, fractional
derivatives, and integral expressions for the general class of functions considered in
chapter-2 for one and several variables. It is organized into two section A and B.

In Section-A, four integral representations and one fractional derivative are
derived for the single-variable general function, with mild extension.

We have evaluated certain type of integral representation involving the Mittag-
Leffler function which gives the general function as resultant and one result of
fractional derivative for this general function and these results further extends for its

mild extension. We give the following result for citation:
For w, A, 1 C ;GEC/ZO_ pe No;min{Re(a),Re(s)}>O;

5.~V

0,veR"; p—6-v -1 with equality when |z| <& =5V p”,

we have the following integral representation

cniin (75.) Z( Its g N (1) LAY (ze) dt . (18.5)

D!,,&O',,D a,B,0,p

provided that each side of (1.8.5) exists and EZ'5">" (2)is the Mittag-Leffler function.

As applications of integral representation and fractional derivative established in
section-A, some known integral representation and fractional derivatives for simpler
function related to the Hurwitz -Lerch Zeta functions are obtained.

Section-B presents the study for the multivariable analogue and its mild extension, one
integral representation and three series integral expressions are established for this
multivariable general function in term of multivariable Mittag-Leffler function. The

following integral representation is present here for illustration:

Forall i =1...r; 6, €R" 44,,8,2€C; min{Re(a),Re(s)} > 0; Re(p,)>0;

Re( )>0 and max|z| <1,

1<i<r

we have the following integral expression
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provided that each the side of (1.8.6) exists and E((;‘*))Y(/ff) (z,...,,) is the multivariable

Mittag-Leffler function.
Some known and new results are shown to be obtained for the Hurwitz-Lerch Zeta
function as application of our main results.

General function studied in this section unifies all the function related to
multivariable Hurwitz-Lerch Zeta function as well as the Mittag-Leffler function.
therefore, certain known and new for the multivariable Hurwitz-Lerch Zeta function

and related simpler function are derived as application of our main results.

Chapter-4
In this chapter we are obtained the fractional integral and derivative formulae for

the extended k-generalized Mittag-Leffler function E/;%(X; p) and the extended k-

generalized Mittag-Leffler type function of arbitrary order E/}7” (X;p) using

Marichev-Saigo-Maeda integral and differential operators. Some formula using
Caputo-type Marichev-Saigo-Maeda fractional derivative operator for both the
extended k-generalized Mittag-Leffler function and the extended k-generalized Mittag-
Leffler type function are obtained. This chapter includes section-A and B.

In section-A, six formulas as images under Marichev-Saigo-Maeda operators:
two for fractional integration, two for fractional differentiation, and two for Caputo-
type Marichev-Saigo-Maeda fractional derivatives are obtained for the extended k-
generalized Mittag-Leffler function.

First two formulae deal with the Marichev-Saigo-Maeda left and right fractional

integral operators (15" f )(x)and (1'****" £ )(x). Next two formulae associated

to the Marichev-Saigo-Maeda left and right fractional derivative operators

(Dy#7 £ )(x)and (D" £ )(x). The rest two formulae associated to the Caputo-

type left and right Marichev-Saigo-Maeda fractional derivatives operators
(°Dy < £)(x) and (°D*#< £ )(x) respectively. We give the following formula

among the main results established in section-A for citation:
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For v,v', i, 1", 7, A,t,1,m,c € C with

Re(4)>max{0,Re(v+V'+ u—7),Re(v'- ')} >0,

Re(77)>0,Re(c) >0,k >0,Re(l)>0,Re(m)>0,Re(p)>0, o €(0,1)UN;peRy,
we have the following Marichev-Saigo-Maeda left fractional integral,

Vel o,C —v V'++ S p+n0'kc Pp r C+n0'k
(e [ xS e A )

1“(/1+n)F(—v'+,u'+/1+n)l“(—v—v'—y+77+/1+ n) x"
L(A+p+n)T(—v=Vv+n+A+n)[(-v'=u+n+A+n)n!

..(1.8.7)

As applications of the main theorems established in this section, the formulae for
Riemann-Liouville, Erdelyi-Kober fractional integral and derivative, Saigo and Caputo
fractional integral and fractional derivative operators of extended k-generalized Mittag-
Leffler function are shown to be derived and certain known and new results for simpler
functions are also shown to be obtained here.

In section-B we have considered the extension of k-generalized Mittag-Leffler
type function studied by Bin-Saad (2025), then six formulas for Marichev-Saigo-Maeda
(MSM) fractional integral and derivative operators, along with Caputo-type MSM
fractional derivatives involving this extended k-generalized Mittag-Leffler type
function are obtained. The following fractional farmula is presented here for

illustration:

For V,V', g, 12", &, A, 1, m, p, c € Cwith
Re(1)>max{0,Re(-v—v'-u'+&),Re(u-V)},
Re(£)>0,Re(1)>0,Re(m)>0,Re(p)>0,Re(c)>0 and k >0,peRy,

o€ (O,l)u Nand j>1,5>0, we have the left Marichev-Saigo-Maeda left fractional

derivative.

v k,c—p;p) T, (c+nok)
DYV s 4 -‘:ﬂL 1EP oiC .y t; X Xl+v+v —Ety-1 p +No P K
( 0+ [ im 7 ( p)]) )= nz;‘ I (o)L (c—p) Fk(m+|(7+nj))

(Xj)” C(A+y+n)T(Vv—pu+A+y+n)T(V+V+u'—=E+A+y+nj)
I S ) [N (AT R Iy (AP Rty

..(1.8.8)
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As applications, the main theorems established in this section yield the fractional
integral and differential formulas involving Riemann-Liouville, Erdélyi-Kober and
Saigo fractional operators. Since this extended k-generalized Mittag-Leffler-type
function reduces to the four-parameter Mittag-Leffler function, therefore new and
known fractional differentiation and integration formulas for the four-parameter and

simpler Mittag-Leffler functions are shown to be derived.

Chapter-5

A general family of hybrid-type fractional-order kinetic equations for Liouville-
Caputo fractional derivative - D;. and Hilfer fractional derivative operators involving

multivariable general functions associated to multivariable Mittag-Leffler and Hurwitz-
Lerch Zeta functions are considered. These fractional order kinetic equations are solved
using the Laplace transform method. This chapter is divided into two sections: Section-
A and B.

In section-A, three theorems on general hybrid-type fractional-order kinetic
equations with Liouville-Caputo fractional derivatives involving the multivariable
general functions and also associated to multivariable Mittag-Leffler functions and
multivariable Hurwitz-Lerch Zeta functions are given. The solution of above kinetic

equations are obtained here. For illustration we state the following theorem:
Under the parametric constraints C,7,V,p € R"and 0<o <1, let the general function
e“e) (z,...,2,;s,a), exists then the solution of the following generalized fractional

(e ). B:(pr)

order Kinetic equation

N (£)= Nt e

ey (2, 7k, ) = —¢” (°DE N ) (1) ...(1.8.9)

with initial condition N (0+)=N(t)_ =z ...(1.8.10)
is given by

N (t)= Nov-li(_l)“ (EJW i F(Z‘V‘ s J

q=0
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1 () (30)" ) W5 Y [t"jq

N
(Zvn +o(q+1 +7/J =1 i eoloq+1

(t>0) ..(1.8.11)

provided that the right hand side of the solution (1.8.11) exists.

As applications, results obtained in section-A are capable to yielding solutions
of a significantly large number of known and new fractional order kinetic equations
involving the Mittag-Leffler function as well as involving Hurwitz-Lerch Zeta function
of one and several variables. Certain known results of our findings are shown to be
obtained.

In section-B, three theorems on general hybrid fractional-order Kkinetic
equations under Hilfer fractional derivatives for multivariable general, Mittag-Leffler,
and Hurwitz-Lerch Zeta functions are obtained. The following theorem is given here

for illustration:
Let each of the parametric constraints 7,0 ,C,V, €R” (i :1...r), 0O<o<land

0<w<1 hold true. Suppose also that the multivariable general function

(22 ):(3¢) . i 1
e pilon) (z,,...2,;k,a) exists. If we consider

o (O',a))z(RLIéf“’)(l_a)N)(O+) ...(1.8.12)
then the solution of the following general hybrid-type family of the fractional-order
kinetic equations.

N (t)=Ngt"* el (zt*,....z, 1k, a) =—¢” ("DF“N) (1) ..(1.8.13)

is given by

. T r Zr:viniﬂ/j
ORI YT EI S | —
q=0 ") [Ig+zalnlj (a+; pinij

1 (1), (287)

[Zv +y+o q+1)] = '
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0 (0,0)t Y (=) (ET (t>0)

qzoF[a(q+l)+a)(l—a)] c’
...(1.8.14)
provided that the right hand side of the solution (1.8.14) exists.
As applications of the theorems established in this section, certain known and
new results on fractional order kinetic equations and their solutions involving

multivariable general functions and associated functions for Riemann-Liouville
- - - RL~o . . . . . LC o
fractional derivative " Dy, and Liouville-Caputo fractional derivative operator — Dy,

are shown to be derived.
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GENERATING FUNCTIONS INVOLVING GENERAL
SPECIAL FUNCTION RELATED TO HURWITZ-LERCH
ZETA FUNCTION AND ITS MULTIVARIABLE

GENERALIZATION

The main results of this chapter have been published / accepted / communicated for

publication as per details below:

1. Generating Function Involving General Function Related to Hurwitz - Lerch
Zeta function.
Communications on Applied Nonlinear Analysis Vol. 32, No. 8s (2025), 951-
962.

2. Multivariable extension of general class of functions associated with the
Hurwitz - Lerch Zeta function and certain generating relations.

(Communicated for publication)
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2.1 INTRODUCTION

In this chapter, we have defined and studied a general function of single and
multivariable which unifies the Hurwitz-Lerch Zeta function and Mittag-Leffler
function. The integral representation and certain generating functions involving general
functions of single and multivariable are established in this chapter. A mild extension
of these general functions in view of parameters is also presented here. Generating
functions and integral representation for this extended function are also studied in this
paper. This chapter is organized in to two sections A and B. In Section-A, we have
established integral representation and certain generating functions for the general
function for single variable. In Section-B, we consider the multivariable analogue of
this general function. Integral representation and some generating functions are
obtained for this multivariable general function.

In Section-A, the integral representation and four generating functions for the
general function of one variable and then results are further established for its mild
extension. As applications of integral representation and generating functions
established in Section-A, certain known results related to Hurwitz-Lerch Zeta function
are shown to be derived here.

In Section-B, we have studied a multivariable analogue of general function which
unifies the multivariable Hurwitz-Lerch Zeta function and multivariable Mittag-Leffler
function. The mild extension for this general function also presented here. We have
obtained the integral representation and four generating relations for this multivariable
general function and similar results are further established for its mild extension. Many
known and new results are shown to be obtained for the Hurwitz-Lerch Zeta function

as application of our main results established here.

2.2 DEFINITIONS AND PRILIMINARIES
A general Hurwitz-Lerch Zeta function ¢(z,5,a)is defined in the literature in the

following manner [19]:

¢(z,s,a)=i z ; ...(2.2.1)

"o (n+a)

(a€C/Z;,5€C when |z|<1 and Re(s)>1 when |z|=1)
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where C represents the Set of complex numbers and Z represents set of integer

numbers and Z; =Z~ U{0}.
The Hurwitz-Lerch Zeta functiong(z,s,a)is defined in (2.2.1) contains, its
special cases, as the Riemann Zeta function ¢ (s)and Hurwitz-Lerch Zeta function

¢ (s,a)defined by (see for details, [19, Chapter 1])

C(S)=i(n+ll)s - ¢(1s,2) (Re(s)>1) .(22.2)
;(s,a)zi(nja)s —g(Ls.a) (Re(s)>LaeC/z;) ..(2.23)

A generalization of the Hurwitz-Lerch Zeta function ¢(z,s,a) was studied by Lin

and Srivastava [58, p.727, eq. (8)]

¢£€;0)(z,s,a)=i(ﬂ)’)“ z ..(2.2.4)

n=0 (V)Jn (n + a)s

(,ueC;a,veC/Zo‘,p,aeRﬂp<o whens,zeC;p=c and seC when

|zZ|<8=p "0 p=c and Re(s—u—v)>1when |z|=5)
where (A)_denotes the general pochhammer symbol which is defined by Rainville

[81] in terms of the gamma function by

-

(n=0;2eC/{0})
(4), = _r(l/}/: ). .(22.5)
A(A+1)..A(A+n-1) (n=N;1eC)

The function at p = o =1and v =1yields the Hurwitz-Lerch Zeta function defined
and studied by Goyal and Laddha [28, p.100, eq. (1.5)]

f(sa)=3 ok

o Nl (n+a)

..(2.2.6)

(ueC;aeC/Z;,seC when |z|<1 and Re(s-x)>1 when |z|=1).

Further generalization of the functions ¢(z,s,a)and 4, (z,5,a)was considered by Garg

et al. [23] in the following manner [23, p.313, eq. (1.7)]:
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n

- Z
B 00 (2,5,2) Z o), I(a+n)s 227

(A, 1eC; v,aeC/Z;;5€C when |z|]<1 and Re(s+v—A-x)>1 when |z|=1)

A further generalization of a family of Hurwitz-Lerch Zeta function defined and studied

by Srivastava et al [101, p.491, eq. (1.20)] in the following form:

o /1),3 ) 7"
w (v), n' (n+a)

...(2.2.8)

(A ueCiv,aeC/Z;;p,0,keR";k—p-c>-1 when s,z7eC:k—p—o=—1 and
seCwhen |7]<8 =p”0 kK k—p-o=-1and Re(s+v-A-u)>1 when

2| =5").

The well known Mittag-Leffler function E, (Z) in defined by following manner [66]
(See also [67,113])

=3 an+1) (26C.Re(a)>0) ..(22.9)

This function further generalized by Prabhakar [78] in the following form [See also
[109]]:

o 7,) 7"
nzr I ...(2.2.10)

(a. B,y €C;Re(a)>0,Re()>0,Re(y)>0)
In view of extension of parameters, Mittag-Leffler function was also studied by Khan
and Ahmed [47, p.2, eq. (1.9)]:

..(2.2.11)

B ess (2)=2

where «, B,1,5, u,v, p,o €C; p,q>0and que(a)+ P and

min{Re(a),Re(/),Re(17),Re(5),Re(x),Re(v),Re(p),Re(c)} >0 if 5=p=1, it

takes the following form
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" ( ) .
Exemi(z)= — ..(22.12
aﬁvo‘ ; _ an+ﬂ) nl ( )

where o, 8,17, su,v, p,o <C; p,q>0and q<Re(a)and
min{Re(a),Re(B),Re(n7),Re(u),Re(v),Re(p),Re(c)} >0

Wright Introduced and studied the Taylor-Maclaurin Series [114, p.424]:

4 (#:2) zg an+,6’) (a,ﬂeC;Re(a)>0) ...(2.2.13)

Where ¢(n) is a function satisfying suitable conditions.

Motivated by the work of Wright [114], E.W. Barnes [4] considered the asymptotic
expansion of functions in the class which is defined as follows:

00 n

ELy(si2)=2,

BeCR 0 (22,
" (N+k)’ T (an+p) (o5 #(«)>0) (2.2.14)

for suitable restricted parameters k and s.

Recently for suitably restricted sequence{¢(n)}nzo, Srivastava [94] introduced and

studied a class of function (See also [105],[110]):

T =3 #(n)z" (2215
«p (#12:5,3) nzf;(amfr(anw) ( )

where(a, # €C;Re(a)>0)

( ):(ﬂ)

For ¢(n n—l”the following function recently studied by Kumar [56, p.13, eq. (1.9)]:

n

e s (zsa)=) (#), z

o (on+a)’ T(an+p)n!

...(2.2.16)

where Re(u)>0;Re(5)>0;Re(a)>0;Re(s)>0;Re(a)>0;Re(S)>0and |z|<1

To give more extension in view of the parameters, we consider here the following more

generalized function defined and represented as below.
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yéﬂv Zsa :i ) (ﬂ)vnzn

s o ( (a+n) I'(an+p)n!

..(22.17)

where (o, 8, u,AeC; a,0eC/Z,;6,v,E€R";E~5—v>-1when s,zeC;
E—5—v=—1andseCwhen |z|<p =6°v"¢E5 E-F-v=—1and
Re(s+o—pu—2A)>1lwhen |z|=p").

The following definitions and facts are required in the sequel.
(i) The Gamma integral is defined in [29, p.884, eq.312(2)] the following form

0

=[xe™dx  (Re(a)>0) . (2.2.18)

o

(i)  The binomial expansions are defined in [96, p.20, eq. (29)] the following form
(see also [23])

i(i—),”x" =(1-x)° (2.2.19)
and
i(;)j‘f),xm [(1 x) " —(1+x)‘a} .(22.21)

(iii) The generalized hypergeometric function , Fq defined by [96, p.19. eq. (23)] in

the following form:

—Ziqﬂ——_? (17 <1) .(2.2.22)
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SECTION-A

2.3 In this section we have obtained the integral representation and four generating

functions involving the general function €,737". (z,5,a) defined in (2.2.17). As

applications of the main results of this section we explore a number of integral
representations and generating functions related to Hurwitz-Lerch Zeta function.

2.4 INTEGRAL REPRESENTATION
For min{Re(a),Re(s)}>0; a, B, 1, A eC; a,aeC/Zg ov,EeRE-0-v>-1

with |Z| <& =8"°v"E%; integral representation of the function defined in (2.2.17)

el (z,5,a) holds true,
el (2.5,2) Je‘attS‘l{E:zi; z6™ )} ot (240

where E/'0"" (z) is the Mittag-Leffler function defined in (2.2.12).

Proof of (2.4.1)

The function defined in (2.2.17) can be written straightly in the following form

i (1,5,8)= L 3 2o 2 { rs }

Is (o), T (an+5) | (a+n)

Now using the following elementary Gamma integral (2.2.18)

( I's ) _J‘ts_l a+n)tdt
a+n 0

and then changing the order of integration and summation, we have

€

1,8,V (Z s, a J'e—atts -1 i ('u)én (//i/)vn (Ze_t )” dt

@.f.0.E pr (O')gn I'(an+p) nl

On interpreting the inner series in view of (2.2.12) we at once arrive at the desired result
(2.4.2).
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I-1) (s
Throughout the chapter, we use the notation [HI j:(l—l)' where (), is the

Pochhammer’s notation.

2.5 GENERATING FUNCTIONS

The four generating functions involving the general function defined in (2.2.17)

are establish here.

Theorem-1

For min{Re(a),Re(s)}>0; a,ﬁ,ﬂ,gec;a,GeC/Zo_ ov,6eRE-0-v2>-1
with |Z| <8 =07°vEs,

we have the following generating function

1=0 I

i(SH —1J ehoir (z,5+1,a)t' =9 (2,5,a—t) ..(25.1)

provided that both the side of (2.5.1) exists.

Theorem-2
For min{Re(a),Re(s)}>O;a,ﬁ,ﬂ,),ec; a,0eC/Z, :6,v,é€RYE-5-v>-1

with |7] <8 =67v7"E,

we have the following generating function

= (s+21-1
2( . jeg‘;ﬁ';(z,s+2I,a)t2':%[eggﬁfg(z,s,a+t)+e§;‘;’§;(z,s,a—t)]

1=0
...(2.5.2)
provided that both the side of (2.5.2) exists.

Theorem-3
For min{Re(a),Re(s)}>0; o, B 1, AeC; a,GeC/ZO_ ov,eRYE-0-v2>-1
with |Z|<5* =57%VTVES,
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we have the following generating function
s+2l 5,4, a1
S (o) s ainae 2 e (saso)

...(2.53)

provided that both the side of (2.5.3) exists.

Theorem-4

p q t
For Re(za]> Re(Zﬂj]> 0; ‘5

we have the following generating relation

<1

e W, 1 [
_g(a)gnr(an+ﬂ) r‘]!(a_'_n)gpl:gl_quﬂj qu[(ﬁq);a-i-n] ...(2.5.4)

=

where , F is the generalized hypergeometric function defined in (2.2.22).

OUTLINE OF PROOFS
Proof of (2.5.1)

Let left hand side of (2.5.1) is denoted by A, i.e.

0 1-1
A, = Z(HI ] etdr (z,5+1,a)t!

1=0

On using the definition (2.2.17) and changing the order of summation we have

A= g‘ ). (a+ n)(?“)(vnaznlﬂ)n!{g(i)l (ainj}

Now on using the binomial expansion (2.2.19), we have
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A = i )on (A)un 1

e o-g, n'F(an+,B)(a t+n)

Now on interpreting the resulting series in view of (2.2.17) we atonce arrive at the
desired result in (2.5.1).

Proof of (2.5.2)
Let left hand side of (2.5.2) is denoted by A, i.e.

2 21 -1 -
A, :z(s+2| jeﬁ:;ﬁg (z,s+2l,a)t”

1=0
On using the definition (2.2.17) and changing the order of summation we have
: ()50 (4),, 2" & (9) [ t ]
A vn 21
i Z Z(2|)

o (o 5n(a+n) I'(a+ng)n! 17 (2)!a+n

Now in view of the following binomial expansion (2.2.20), it takes the following form

BiE (D2 < (1) (1) 7" ]

= (o-)énn!l“(om+ﬂ)(a—t+n)S —; (6)5nn!F(an+ﬂ)(a+t+n)S

On interpreting the resulting series in view of definition (2.2.17), we atonce arrive at
the desired result in (2.5.2).

Proof of (2.5.3)
Let left hand side of (2.5.3) is denoted by A; i.e.

= (s+2l )
A, = “ot (z,s+2l+La)t?
g ;(2“1}6"’“'5 ( )

On using the definition (2.2.17) and changing the order of summation we have

s (l)vn z" S (S)zm t )"
b= nZG n'F(an+ﬂ)(a+n)s{E(ZIH)!(&H”) }

Now in view of the following binomial expansion (2.2.21), it takes the following form
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A, :% i (1) (1), 2" _i (), (2), 2"

" (0),,[(en+p)(a-t+n)'n! 5(0), [(an+p)(a+t+n) n!

On interpreting the inner series in view of definition (2.2.17), we atonce arrive at the
desired result in (2.5.3).

Proof of (2.5.4)
Let left hand side of (2.5.4) is denoted by A, i.e.

Ay = z; ) ;‘Ziz[zi@—iﬂﬁ"a]%

j=1

On using the definition (2.2.17) and changing the order of summation we have

R RE @)y,
- nz 3 —q s Zo:f!( )(a+n] I

:O(a)gn n!T(an +ﬂ)(a+n

Now interpreting the inner series in generalized hypergeometric function Fq in view

of (2.2.22) we atonce arrive at the desired result in (2.5.4).

26 MILD EXTENSION AND ASSOCIATED GENERATING
FUNCTIONS

A mild extension of the general function defined in (2.2.17) is also considered

here, it is defined and represented in the following manner:

) (2,5,2)=3 E = (26,1
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where  V(i=12,.....p;j=12,....q), p,aeNy; s,z,4,2,C; a0,eC/Z;;

5,p;€R".

A Multi-parameter Mittag-Leffler function is also considered here it is defined as

follows:
[T(4)
u 0 | /’li 5,n Zn
eV ()= - (2.62)
”ZOH(GJ. p_nF(an+,6') ’
j=t !

u,0,0,p,a,pC, p,q eNyand Re(x),Re(f) >0.

If we take p=3and q=2; 1 =0,=1 this reduce to the known Mittag-Leffler

function studied by by Khan and Ahmed [47, p.2, eq. (1.9)].

The integral representation for the above function defined in (2.6.1) is given in the
following theorem.

Theorem-1

Forall (i=12,.....p;j=12,....q), p,deN,; S,Z, 14, , B C;
a,0, eC/ZO_; 5, P, eR",

we have the following integral representation

(140)(35) LT e (m)(5) "
E“'ﬁ;("q)'(%)(Z’S’a)_r_s!;e t Eaﬁ;(%)y(pq)(ze it ...(2.6.3)

where Ef{f‘;;)('f“)?(p \(2)1s the Mittag-Leffler function defined in (2.6.2):

The four generating functions involving general function defined in (2.6.1) are

established here and given in the following theorems.

Theorem-2

Forall (i=12,....p;j=12,.....9), p,deNy; S,Z, 44, c, FC;
a,0,€C/Z;;6,p;eR",

we have the following generating function
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& s+l-1 (/‘v)'(‘gp) | _ (yp),(§p)
Zo:( | Jea,ﬁ;(aq),(pq) (zstha)t =e Lo, (zsa-t) - (2.6.4)

provided that both the side of (2.6.4) exists.

Theorem-3

Forall (i=12,....p;j=12,.....9), p,deNy; S,Z, 44, c, FC;
a,0, eC/ZO_; oy eR",

we have the following generating function

E(#
a,

2 (s+21=1) ()5, 2
Z[ 7] }efz,ﬁ);((%)),(pq)(z,s+2|,a)t'
o) (z,s,a+t)+e(/jp)v(5p) (Z,s,a—t)} ooy

1=0

_1[ ,

) Bi(og)(04) a.f(0q)(pq)
provided that both the side of (2.6.5) exists.

Theorem-4

Forall (i=12,....p;j=12,....q), p,deNy; S, Z, 14, c, B €C;
a,0, eC/ZO’; 3. P; eR",

we have the following generating function

o[ 52 ()i
Z[2| +1j € p{oa)(r) (z,s+21+1a)t

e (sat-dilt | (zsavt)] 2:66)

provided that both the side of (2.6.6) exists.

Theorem-5

Forall (i=12,.....p;j=12,....q), p,deN,; S, Z, 14, &, B €C;

r K
a,0,€C/Z,;6,p; eR", Re(zeuj>Re(Zﬂvj>0;E
v=1

u=1

<1

we have the following generating relation
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:iq - nl rk“FV()'an
(o), Mlan+p) " armp 2 LA)RS

i=t !

.(2.6.7)

where F is the generalized hypergeometric function defined in (2.2.22).

OUTLINE OF PROOFS
Proof of (2.6.3)
The function defined in (2.6.1) can be written straightly in the following form

I { r's }
”:Oli[(aj) nn'l“ an+ f3) (a+n)y

Now using the following elementary Gamma integral (2.2.18) and then changing the

order of integration and summation, we have

0 H(Iul )(in Zn -t)"
L (25,2 Ie_mts $_ (Zel) it
| “T(e)), Fen+p) "
o

On interpreting the inner series in view of (2.6.2) we atonce arrive at the desired result
(2.6.3).

Proof of (2.6.4)
Let left hand side of (2.6.4) is denoted by A, i.e.

S+1-— s |
—Z[ j )((G:))](pq) (z,s+l,a)t

On using the definition (2.6.1) and changing the order of summation we have
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p

K E[(“i)éinzn S(s) [t
Alnz;ﬁ(“i)pn(a+n)sr(0‘”+ﬂ)”!{§ " ( j}

j=1 !

Now on using the binomial expansion (2.2.19), we have

p
! (lui )a,nzn 1

Al:i q i s
n=0 H(aj )p_nl“(an +4)n! (a-t+n)

j= !

Now on interpreting the resulting series in view of (2.6.1) we atonce arrive at the desired
result in (2.6.4).

Proof of (2.6.5)
Let left hand side of (2.6.5) is denoted by A, i.e.

2 (s+20=1) ()5,
S

1=0
On using the definition (2.6.1) and changing the order of summation we have

p

o H(,Ui )(;Inzn » (S) t 2l
Az :Z - i=1 {Z 2I| }
S1(e1),, (a+n) T(an+ g ot

j=t !

Now in view of the following binomial expansion (2.2.20), it takes the following form

p p

lo M. o T
AZ:E Z q = +Z q =
”201—[(01.)p_nnll"(om+ﬂ)(a—t+n)S “T1(e;) nIT(an+f)(a+t+n)

i ‘ S

On interpreting the resulting series in view of definition (2.6.1), we at once arrive at the
desired result in (2.6.5).
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Proof of (2.6.6)
Let left hand side of (2.6.6) is denoted by A, i.e.

_3[ 52 o
al .Z.:(zl +1} Cenlopiny) (2SHA LAY

On using the definition (2.6.1) and changing the order of summation we have

p

A —i li:l[(:ui)ginzn {i 2|+1[ t jzm}
" (o)), @) rans pyu (TR

Now in view of the following binomial expansion (2.2.21), it takes the following form

TT(s),, 2 [T, -

:oH( )p Nl (en+pB)(a- t+n) "= H( )p nIT( an+,8)(a+t+n)

=1 j=1

Nll—‘
il Ngt

On interpreting the inner series in view of definition (2.6.1), we atonce arrive at the
desired result in (2.6.6).

Proof of (2.6.7)
Let left hand side of (2.6.7) is denoted by A, i.e.

4 (4,)(5,) PR t
A= 2 (Z'gg“ _gi“ +I’ajﬁ

Now interpreting the inner series in generalized hypergeometric function Fq in view

of (2.2.22). we atonce arrive at the desired result in (2.6.7).
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2.7 APPLICATIONS

The function studied in this paper are very general in nature and unify all the

functions related to Hurwitz-Lerch Zeta function, therefore many known results can be

obtained from our main results. As an application, some of these have been shown to

derive as follows.

(i)

(i)

(iii)

(iv)

(v)

(vi)

If in the result (2.4.1), we apply Lima — O then it reduce to the known result
due to Srivastava et. al [101, p. 494, eq. (2.4)].

If in result (2.5.1) to (2.5.4), we apply Lima — 0O then these results reduce to
the known result due to Gupta [30, pp. 132-133, egs. (2.9.1) to (2.9.4)]
respectively.

If in result (2.6.3), we take Lima —0 then it reduce to the integral
representation for Hurwitz-Lerch Zeta function studied by Srivastava et. al [101,
p.504, eq. (6.4)].

If we take Lima — 0O then result (2.6.4) to (2.6.7) reduce to known results for
Hurwitz-Zeta function due to Gupta [30, pp. 134-135, egs. (2.9.7) to (2.9.10)]

If we take wpu=o0,5=&,v=1 in result (2.5.1), it reduce to the known

generating function due to Kumar ([56], p. 17, eq. (3.1) at & =1).
For p=2,q9=1, u=0,v=1, 5= & theresult (2.5.4) provides the known
result due to Kumar [56, p. 17, Theorem (3.2)].
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SECTION-B

. . . . . . 10,6,V
2.8 In direction to give more generalization of general function €7, (z,5,a)

defined in (2.2.17), we consider the following multivariable analogue of this

general function which is defined and represented in the following manner:

| 3 1 - (/ui)tni Zini
LA (nzis)= 3 | H{ . ]
m,..,n,O[a+ZpiniJ r(ngrzainij i-1 i

..(2.8.1)

whereV i=12,..,r; 4,,5,2€C ;5 eR"; min{Re(a),Re(s)} > 0; max|z| <1,

1si<r
Re(e;)>0; Re(p;)>0.

In this section, we established the integral representation of the general function defined
in (2.8.1) and four generating relations involving this general function. As application
of these results the integral representation and generating functions for simpler function
related to Hurwitz-Lerch Zeta function are shown to be derived. The main results
established in this section also provide the extensions of the results studied in Section-

A of this chapter due to generalization of parameters and variables.

2.9 DEFINITIONS REQUIRED

The multivariable extension of Hurwitz-Lerch Zeta function (2.2.6) is defined
and studied by Raina and Chhajed [80, p.98, eq.(5.1)]. we require this functionat b =0
in the following manner:

B (Koo Xps0t,2) = i;n (a+Q)“ﬁ{M} .(2.9.1)

my....m; =0 i=1 (mi)

where 2 >1(i=12,...,n); Re(a )>0; Re(p;) > 0; max|x | <L sz p.m.
i=1

1<i<n
A multivariable extension of Mittag-Leffler function defined in (2.2.10) is studied by
Gautam [25] and Saxena et al. [88, p.536, eq. (1.14)], it is defined and represented as
follows:

- (o), zar ..(2.92)
W D(A+kpo +. ko ) KLk !
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where 4,7;, p; €C; Re(,oj)> 0 j=12,...r
A mild generalization of multivariable analogue of Mittag-Leffler function (2.9.2) is

also due to Saxena et.al [88, p.547, eq. (7.1)] (see also [30],[31]).

@ ke ke
B (2o )= D r(;%)k“ Uiy it .(2.9.3)
o L (A+kp +.tkep ) KLk, !

where 4,7,,1;, p; eC;;Re(pj)>0; Re(lj)>0; AeZ;={0,-1,-2,..}; j=1,2,...r

The integral representation of the function (2.8.1) is obtained here.

2.10 INTEGRAL REPRESENTATION
For all i=1.r & eR", 4,0,52eC; min{Re(a),Re(s)}>0; Re(p,)>0;
Re( )>0 and QEX|Z | <1,

we have the following integral representation of the function defined in (2.8.1)

et (202,35,2) fts‘l e “E) (26, 2,6 dt ...(2.10.1)
where E( )I(f')( .+, 2, )is the multivariable Mittag-Leffler function defined in (2.9.3).

Proof of (2.10.1)

We have the multivariable general function (2.8.1) in the following form,

; 1 < I's 1 r {ﬂ. 5n _n}
egzigy(ﬂa:?)p,) (z,.02,38,8)=— >

F n,...,n. =l r : - i
S | (S
i=1 i=

In view of (2.2.18), we have

(1)) o
E(ar)vﬂ;(Pr) (Zl""’zrisi a) =

on interchanging the order of integration and summation it takes the following form
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('ui )(gini (Zi"i e Pt )ﬂi

_L
r's

(1 ):(5) — [ s-15-at
sy (Zn2,58,0) It e
0

on interpreting the inner summation in view of (2.9.3), we atonce arrive at the required

result given in (2.10.1).

2.11 GENERATING RELATIONS
In this section we establish four generating relations involving multivariable general
function defined in (2.8.1).

Theorem-1

Forall i=1..r; & €R", 44,,5,2€C; min{Re(a),Re(s)} >0; Re(p;) >

Re(¢;)>0;and max (|z,]) <1,

I<i<r
we have the following generating function

2 (s+1-1 : :
Z[ I jegzgfgf’()ﬂ)(zl,...,zr;s+l,a)t':egzjf,if()pr)(zl,...,zr;s,a—t) L(2.11.0)

i=0

provided that both the side of (2.11.1) exists.

Theorem-2

Forall i=1..r; 6 €R", 44,,8,2€C; min{Re(a),Re(s)} >0; Re(p;)>0

Re()>0;and max(z]) <1,

I<i<r

we have the following generating function

© (54 2] -1 .
) e P EE

i=0

=—[€§5i§f(§2)pr)(zv 2Z5S,a+t)+ E ﬂ(pr)(zl’ nZpSas t)]

..(2.11.2)
provided that both the side of (2.11.2) exists.
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Theorem-3
Forall i=1...r; & €R" 44,,8,2€C; min{Re(a),Re(s)} > 0; Re(p;)>0

Re(a;)>0;and max (|z,]) <1,

I<i<r

we have the following generating function

= (s+2l _

E (24 ):(57) ) 2141
€ . Z""'Zr15+2|+1,at

i_o(zlﬂj o (2 )

1r o) |
:E[EEZ:;:(;?)DJ(Z’ 2zgs,a-t) =il (2 "Zr;S’a+t)] (2.11.3)

provided that both the side of (2.11.3) exists.

Theorem-4

For all Re(i@nj>Re(iynJ>0 and [t| <[]
n=1 n=1

we have the following generating relation

.(2.11.9)

where , Fq is the generalized hypergeometric function defined in (2.2.22).

OUTLINE OF PROOFS
Proof of (2.11.1)

Let the left hand side of (2.11.1) denoted by A, i.e.

i -
Z(SJF j ﬂ'()pr)(z, 2Z5s+1a)t!

1=0
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On using the definition (2.8.1), we have

IO TS 1 r (”')a.n.zun}.
L nl%o(«%ipini) F(,B+Zr:anjl_1[{ f

on interchanging the order of summation, we have

e 1 r (ﬂ. on Zi (S)| t

Now in view of (2.2.19) and then interpreting the multiple series with the help of (2.8.1)
we atonce arrive at the required result in (2.11.1).

Proof of (2.11.2)
Let the left hand side of (2.11.2) and denoted by A, i.e.

i(HZI J Tt (2235 +21,2)t"

1=0

On using the definition (2.8.1), we have

N 1 : (’ui)b‘ini Zini 2l
I)' T : H{ | }t

AZZ
I=

o (

21

On using the relation (2.2.20), it takes the following form
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% 1- rt +| 1+ rt
a+y pn, a+y pn
i=1 i=1

on simplifying and then interpreting the multiple series with the help of (2.8.1), we
atonce arrive at the desired result in (2.11.2).

Proof of (2.11.3)

Let the left hand side of (2.11.3) denoted by A, i.e.

© (54 2| Is
_ ( r)r(ér) 21+1
As_z e(;’r)ﬁ;(pr)(z, ,Z;5+21+1,a)t
=\ 21+1

On using the definition (2.8.1) and then changing the order of summation, we have
21+1

0

e L (#4)50 } 2|+1 t
gL L B

in view of the (2.2.21), it takes the following form

D el L

- -

—<11- rt - 1+ rt
2 a+z N, a+z N,
i=1 i=1

on simplifying and then interpreting the multiple series in view of definition (2.8.1), we

atonce arrive at the desired result in (2.11.3).
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Proof of (2.11.4)
Let the left hand side of (2.11.4) is denoted by A, i.e.

p
@ t
A4:§ lni_[(—) E(Z:):ﬂ;r(pr)(Zl""’zr;zen_z?/n"'l’ajﬁ
) Vo), -

n=1
On using the definition (2.8.1) and changing the order of summation, the above

equation takes the following form

Now interpreting the inner series in view of the definition of generalized

hypergeometric function (2.2.22), we atonce arrive at the desired result in (2.11.4).

212 MILD EXTENSION AND RELATED GENERATING
RELATIONS

Now we consider a mild extension of general function defined in (2.8.1) in view of the

parameters. It is defined and represented in the following manner:

ol |
E(ai),ﬂ;(;fi),(Uﬁi))?(%’ﬁi)) (21,..., Z.;S, a)

(i)
) 1 r 4 (’uj )5% yak
- Y e eny
- n,o(a+z%nlj [‘(IBJrZa,nlj i=1 (O]E.))p(-)n_ |
i=1 i=1 - N
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whereV i =1...r; .0, €Nos 6V, pl) eR*; 8,00 €C/Z,;  pusz i, feC
(j=1..p;k=1..g;),and forall i =1...r, the notation (#")=4",......, ) and (5{")
abbreviate the same array of parameters as in («"). (6")=0/",..,c{and )

abbreviate the same array of parameters as in (o\") and (&) =@, ..., @, (1) =117,

We consider here the following extension of multivariable Mittag-Leffler function
(2.9.3) this extended multivariable function is represented and defined in the following

manner:

) ) , (z o ): i 1 ﬁ 1= i i ..(2.12.2)
B VS Y e VO

vi=1..r j=1..,p;k=1..,0), ,uj, ]), E),pk ,a,<C, p,q eN, and

min {Re(ﬂg”), Re(a,), Re(B), Re(14"), Re(s1"), Re(a "), Re(p@)} >0

the notation (1") = 44" ..., uf)

and (5{") abbreviate the same array of parameters as
in (1), (0")=0",....00and (p{") abbreviate the same array of parameters as in

() and (@) = at,.... .

Remark: At p.=0 =1 (Vi=1...r) the extended multivariable function (2.12.2)

reduce to the multivariable Mittag-Leffler function due to Gurjar [33, p.7, eq. (1.8)].

The integral representation for the above general function defined in (2.12.1) is given

in the following theorem.

Theorem-1

For all i=1..r, J=Ll.p;k=L.,q;p,qeN, s

J b

pVeRr"; a0l eC/z,

sz, o, feC,

we have the following integral representation of the function defined in (2.12.1)
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(Hgi))?(ﬁgi)) T at s—l ' ) },1t it
Sl ) (2).2,38,) j (a.)ﬂ ) (,)(z e, z,e7" )t

..(2.12.3)
where E(a')ﬁ,(g.(i)).(p(i>) (21,-.-, Z, ) is the extended of multivariable Mittag-Leffler function

defined in (2.12.2).
The four generating relations involving multivariable general function defined in

(2.12.1) are also established here and given as the following theorems:

Theorem-2
Forall (i=1..r; j=1..p; k=1..q;), p,0; €N 6V, o’ eR*; 8,01 €C/Z,

vosz i), peC,

we have the following generating function

2 R A 2,0 2,55+ :e(”(ii));(‘sgi)) 2,02
Z( | J (“i)’ﬂ?(”)'("ﬁi));(pp)( e Zistlat (a) 5 m)'(p“))( e 2i$at)

1=0 T\

.(2.12.4)
provided that both the side of (2.12.4) exists.

Theorem-3

For all (i=Ll.r;j=Ll.p;k=1.q,), PG €Ny s, o) eR; a0\ eC/Z;
7i,S,Z,,u§i),ai,,BGC,

we have the following generating function

o (s+2]— D)o . )
Z( ] ())ﬁ((y))( )(())(21,...,zr,s+2I,a)t

() (i) £y<i>);(52i))

- e(ai 1B:(7i ),(Gﬁi));(pﬁ'

n £i))(z, .Z;8,a-t)  .(2.125)

provided that both the side of (2.12.5) exists.
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Theorem-4
For all (i=Ll.rj=1.p;k=1..q,), P,q €Np; 6, o) eR*; 8,0 €C/Z;
vz, BeC,

we have the following generating function
0 2| (i)’ (i)
> S+al) ) )(i) oy (Zien Z5s+ 21+ @) 2
S\ 2+1) (@ sn (a4
(i)

:[e(”("i));(‘s‘m) . (zl,...,zr;s,a—t)—e(”j v . (zl,...,zr;s,a+t)} ..(2.12.6)

(@ )8y, ),(Gﬁi)):(pﬁ')) (@).Bir ),(Gﬁi)):(pﬁ'))

provided that both the side of (2.12.6) exists.

Theorem-5
For Re(i@nj > Re{zq:vnj >0 and |t| <|a]
n=1 n=1

we have the following relation

(2127

where , Fq is the generalized hypergeometric function defined in (2.2.22).

OUTLINE OF PROOFS
Proof of (2.12.3)

We have the multivariable general function (2.12.1) in the following form,
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i1 A
Gi

i=1 (O-;EI)) 0 nll
k=1 PN

In view of (2.2.18), we have

A0 Y58 . 7a+§yn
ega))ﬂ((y))( £i>);(p£i>)(zl ..... z,;s,a)_— Z {J’t [ ] }ﬁ

on interchanging the order of integration and summation it takes the following form

Pi

H(l“gi) )50)“_ (Zinie_yit )nl

. 1t a ¥ 1 rofk (),
EZ:;:;S;'()pr)(Zl, 2L, a) T It e Z [ : j1_[ j=t q J-

m

So My nr:OF

on interpreting the inner summation in view of (2.12.2), we atonce arrive at the required

result given in (2.12.3).

Proof of (2.12.4)

Let the left hand side of (2.12.4) denoted by A, i.e.

= (SHI=1Y) (u0)(s
Al=2[ | jeganlf(;(m).( <i))-(p~>)(z’ 2Z;s+la)t

I | Py
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on interchanging the order of summation, we have

Pi

Now in view of (2.2.19) and then interpreting the multiple series with the help of

(2.12.1) we atonce arrive at the required result in (2.12.4).

Proof of (2.12.5)

Let the left hand side of (2.12.5) and denoted by A, i.e.

_ * S+2I—l (,u(ji));(é"}i)) . 21
A2 = ( 2l j€<ai>,ﬂ;<yi>,(os>);(pw) (22521 a)t

On using the definition (2.12.1), we have

(_i) ) Z_ni

" (S)ZI » 1 lL[ H(ﬂj )52')ni [ @
i (2D oo d 2 . i1 | T (i) |
a+Z:}/ini r ﬂ+2aini H(O'k )p(i)n n;:

i=1 i=1 k

A, =

Pi 21

On using the relation (2.2.20), it takes the following form
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i=1 k=1
—-S —-S ]
P 3 R P
a+Zyini a+27ﬁ“i
i=1 i=1

on simplifying and then interpreting the multiple series with the help of (2.12.1), we
atonce arrive at the desired result in (2.12.5).

Proof of (2.12.6)

Let the left hand side of (2.12.6) denoted by A, i.e.
= (s+20) (u)(s")
A, = ) a2 2 s+ 21+ @)t
3 E(zm} Sl i) (o2 +2141.2)
On using the definition (2.12.1) and then changing the order of summation, we have

© 1 r H(’UE ))s.i ). 'ni
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on simplifying and then interpreting the multiple series in view of definition (2.12.1),

we at once arrive at the desired result in (2.12.6).

Proof of (2.12.7)
Let the left hand side of (2.12.7) is denoted by A, i.e.

=]
Il ©°
[iN

(&), FOTED p . t
(V) ]>)ﬂ<<y>)( aw);(pw)(Zv---’zr;Zé’n ZVH*'aj_

n=1 n=1
On using the definition (2.12.1) and changing the order of summation, the above

Ay=).

1=0

:IQ

I
[iN

n

equation takes the following form

Now interpreting the inner series in view of the definition of generalized

hypergeometric function (2.2.22), we at once arrive at the desired result in (2.12.7).

2.13 APPLICATIONS

The multivariable general function defined in (2.8.1) and its mild extension
defined in (2.12.1) unify all the functions associated to Hurwitz-Lerch Zeta function of
one and several variables. Therefore, as the applications, many new and known results
can be obtained from our main results. Some of these have been shown to derive as

follows.
(i) If in result (2.12.3), we apply Lima; -0 and take &, =1then it reduce to the
known result due to Raina and Chhajed ([80],p.99,eq.(5.2) at b =0) which in

turnat ' = P, =1 provides the known result due to Goyal and Laddha [28, p.100,
eq.(1.6)].
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If in results (2.11.1), (2.11.2), (2.11.3) and (2.11.4), we apply Lima, >0 and
take 0, =1 then these results provide the following corresponding new generating

relations for multivariable Hurwitz-Lerch Zeta function ¢((£i))(zl,...,zr;s,a)

defined in (2.9.1) due to Raina and Chhajed ([80],p.98, eq.(5.1) at b =0).

Corollary-1
Forall i =1...r; 4,5,2€C; min{Re(a),Re(s)} > 0; Re(p;)>0and
max (|z[) <1

we have the following generating relation,

= (s+1-1

Z;( | ]@(j’)’(z, 2zgstla)t =g (z,..2,i8,a-t) L.(2.13.1)
provided that both the side of (2.13.1) exists.

Corollary-2

Forall i =1...r; 4,5,2€C; min{Re(a),Re(s)} >0; Re(p;)>0;and
max (|z[) <1

we have the following generating relation,
2 (s+2]—

Z( " jqﬁéi;}(zl,. Lz,;5+21,a)t?
0

[¢§£§ (zis 28,8+ + 40 (2,,.,2,58,a-1) | .(2.132)

provided that both the side of (2.13.2) exists.

Corollary-3
Forall i =1...r; 4,5,2€C; min{Re(a),Re(s)} >0; Re(p;)>0;and
max (|z[) <1

we have the following generating relation,

i(sglzlj ¢((5:))(Z ye ,Zr,S+2|+1 a) 2|+1

i=0

_%[qs((;;j(zl,. s,a-t) =g (z,..2,35,a+t) | ..(2.13.3)

provided that both the side of (2.13.3) exists.
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Corollary-4

For all Re(i@nj>Re(zq:ynJ>0 and [t| <[
n=1 n=1

The following generating relation holds good,

p
o H(0 )| p q tl
Z -l ¢(ﬂr))(zl,_,_,zr;zt9n —Z}/n+|,ajﬁ
1=0 E(yn)| n=1 n=1 -

© r . M J2] :
= Z ! R [(Mr),leI ]qu E p; rt
..... n, =0 r 29_27 i=1 i
n (a+zpinijnl : (a+; pinij
..(2.13.4)

where , Fq is the generalized hypergeometric function defined in (2.2.22).

For r=1, p=2, q=1, Limag —0 §=1 and P, =1, the result (2.11.4)
reduce to the known result due to Raina and Chhajed ([80],p.95,eq.(3.9) at
b=0).

For Lima, =0, results (2.12.3), (2.12.4), (2.12.5), (2.12.6), and (2.12.7) reduce

to the known results due to Gupta ([30],p.110, eq.(2.6.2); pp.120-121,
eqs.(2.8.7),(2.8.8),(2.8.9),(2.8.10) at b =0) respectively.
Forr =1, p=2,0,=1,7, =1 results (2.12.3), (2.12.4), (2.12.5), (2.12.6) and

(2.12.7) reduce to the known results due to Jaimini and Tatwal [43, pp.954-956,
Theorem 1.1, Theorem 2.1 to 2.4] respectively.

For r=21and 7, =1, results (2.12.3), (2.12.4), (2.12.5), (2.12.6) and (2.12.7)

reduce to the known results due to Jaimini and Tatwal [43, pp.959-960, Theorem

3.1 to 3.5] respectively.
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2.14 SPECIAL REMARK

The results obtained in this chapter are related with the Hurwitz Lerch Zeta
functions of single and multivariable that will be useful to solve a variety of problems
of fractional Kinetic equations, integral transforms, integral representations and
generating relations. The present study is worthwhile as the properties of Mittag-Leffler
function and their generalizations are being study [86,93,97]. The Mittag-Leffler

function is widely used to solve differential equation of fractional order [42,44].

Our proposed study will be very useful and provide the new direction of research for

young researcher.
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INTEGRAL REPRESENTATIONS AND INTEGRAL
EXPRESSIONS ASSOCIATED TO THE GENERAL
FUNCTIONS OF ONE AND SEVERAL VARIABLES IN
TERMS OF MITTAG-LEFFLER FUNCTIONS

The main results of this chapter have been published / accepted / communicated for

publication as per details below:

1

Certain integral representation and fractional derivatives associated to a general
function related to Hurwitz-Lerch Zeta function.
Panamerican Mathematical Journal Vol. 35, No. 4s (2025), 1240-1250

Multivariable analogue of a function associated with the Hurwitz-Lerch Zeta
function and its integral expressions in term of Mittag- Leffler functions of
several variables.

(Communicated for publication)
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3.1 INTRODUCTION
In this chapter, we have explored certain integral representation and fractional

derivatives and certain integral expressions of the general class of functions of one and
several variables. This chapter is structured into two parts: Section-A and Section-B. In
Section-A the integral representations and fractional derivative for univariate general
function are established, while in Section-B, we consider the multivariable extension
of this general function and certain integral expressions are obtained for the
multivariable analogue of the general function studied in Section-A.

Further mild extensions for these general functions of single and multivariable
are also considered in this chapter. The integral representations and fractional derivative
for this extended function of single variable are studied in Section-A and the certain
integral expressions for the extended function of multivariable are investigated in
Section-B.

In Section-A, we have evaluated four integral representations and one fractional
derivative for the general function of single variable and these results are further studied
for its mild extension. As applications of integral representations and fractional
derivative established in Section-A, the integral representations and fractional
derivatives for simpler function related to the Hurwitz-Lerch Zeta function are shown
to be derived.

In Section-B, we studied a multivariable analogue of general function and its mild
extension in view of parameters. we have obtained integral representation and three
series integral expressions for this multivariable general function and for its mild
extension in terms of Mittag-Leffler function of several variable. Some known and new
results are shown to be obtained for the Hurwitz-Lerch Zeta function as application of
our main results established here.

3.2 DEFINITIONS AND PRILIMINARIES
A general Hurwitz-Lerch Zeta function ¢(z,s,a)is defined in the following

form [19, p.27, eq. (1.11.1)]:

, ..(3.2.1)

aeC/Z;,5e€C when |z/]<1 and Re(s)>1 when |z|=1)
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The Hurwitz-Lerch Zeta function ¢(Z, S, a) is defined in (3.2.1) have a special case, as

the Riemann Zeta function ¢'(s)and Lerch Zeta function ¢ (s,a)defined by following

manner [19, Chapter-1] [98, Chapter-2]

OB ¥

(ns1) #(Ls.1) (Re(s)>1) ..(3.2.2)

_—g(Lsa) (Re(s)>LaeC/Z,) ...(3.2.3)

An extension of the Hurwitz-Lerch Zeta function was investigated and studied by Lin

and Srivastava in following manner [58, p.727, eq. (8)]

.(3.2.4)
n=0 V a)

(,ueC;a,veC/Zo‘,p,aeRﬂp<o whens,zeC;p=c and seC  when
|zZ|<8=p "0 p=cand Re(s—u—v)>1when |z|=5)

where (1) denotes the general pochhammer symbol which is defined by

_Clr+n)
(7),= o ...(3.2.5)

(7),=1(7), =7(r+1).c.(y +n-1)

wheren=1,2,....

We can find from (3.2.4) that

q(i’?)(z,s,a):qﬁ;(z,s,a):iﬂz_n

n=0 n! (a+ n)s (326)

(ueC;aeC/Z;,5€C whenl|z|<land Re(s—x)>1 when |z| =1)

Where ¢; (z,5,a) is the Hurwitz-Lerch Zeta function considered by Goyal and Laddha

[28, p.100, eq. (1.5)].

A generalization of Hurwitz-Lerch Zeta function (3.2.1) and (3.2.6) was defined and
investigated by Garg et. al [23, p.313, eq. (1.7)]:
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n

..(3.2.7)

¢A,W(Z,S,a) i(i)n ('u)n Z

o (v) n! (n+a)
(4, 1€C;v,aeC/Z;;5€C when |z|<land Re(s+v—1-u)>1 when |z|=1)
A further generalization and investigation of a new family of Hurwitz-Lerch Zeta
function defined by Srivastava and Pogany [101, p.491, eq. (1.20)] in the following
form:

P (zs,a)=).

n=0

...(3.2.8)

(D) (H),y 2"
(

v) !l (a+n)
(4, ueC; v,aeC/Zo‘; po,keR"; k—-p-o>-1 when s zeCk—p-o=-1
and seCwhen |z|]<6 =p 0 kK k—p-o=-1 and Re(s+v—-21-u)>1 when
2=

The well known Mittag-Leffler function E, (Z) is defined by following form [66] (See
also [67]):

;F an+1) (zeC,Re(a)>0) ...(3.2.9)

A generalization of Mittag-Leffler function is introduced by Prabhakar [78] as follows:

EZ,(2)= 2% ...(3.2.10)

where a, 8,7 €C;Re(a)>0;Re(f)>0;zeC

This function further generalized by Srivastava and Tomovski [97] as following form
(see also [86],[93]):

n

EZ% (2) = ir(anJrﬂ)fﬂ ..(3.2.11)
where z,8,7,keC;Re(a)> Max{O, Re(k)—l}; Re(k)>0

In view of extension of parameters, Mittag-Leffler function was also studied by Khan
et. al. [47, p.2, eq. (1.9)]:

2 (4) M)y 2
= (v),,(9),, T(an+B)

...(3.2.12)

B (2)=
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where o, 8,12,5, 1,v, p,o <C; p.q>0, G<Re(a)+p and
min{Re(a),Re(),Re(r7),Re(5),Re(u),Re(v),Re(p),Re(c)} >0

The function (3.2.12) at s = p =1 takes the following form

0 Zn
Ezpri(z) Z ) 7}y ..(3.2.13)
=1 nI ['(an+f)

where «, 3,7,v, p,o < C;and min{Re(a),Re(3),Re(n),Re(v),Re(p),Re(c)} >0
In 1940, Wright Introduced and studied the following Taylor-Maclaurin Series [114,
p.424].

© ¢(n
(¢:2)= Z(; (amﬁ) ...(3.2.14)

(a,8eC;Re(a)>0)
where ¢(n)is a function satisfying suitable conditions.

Motivated by the work of Wright [114], E.W. Barnes [4] considered the asymptotic

expansion of function in the class which is defined as:

0

EX) (s.2) Z ...(3.2.15)

o F(an+,6’)

(a,feC;Re(a)> 0)
for suitable restricted parameters k and S
Recently for suitably restricted sequence {¢(n)}:’=0, Srivastava [94] introduced a class

of function (See also [105],[110]):

¢ Z,8, a i )Z ...(3.2.16)

o (a+n) T(an+pB)
(a,8eC;Re(a)>0)

H . . :
Further for ¢(n) = %,the following function recently studied by Kumar [56, p.13,
eq. (1.9)] in the following manner:

n

(z,5.a) i (), z

o (on+a) T (an+p) n!

..(3.2.17)

(where Re(u)>0;Re(5)>0;Re(a)>0;Re(s)>0;Re(a)>0;Re(8)>0 and |z|<1).
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To give more extension in view of the parameters the more generalized function defined
in (2.2.17) and given as below [43, p.954, eq. (1.17)]

‘ o A) z"
1,6,4,v Z s, a ) ( vh f— ...(3.2.18
S ( nz (o) (a+n) T'(an+p)n! ( )

where (a,ﬁ,y,zec;a,aeC/Zg 0V, peR" p—=5-v>-lwhen s,z<C;
p—5—v:—landS€CWhen |Z|<§*=5_5V_Vpp; p—0—v=-—1 and
Re(s+o—u—1)>1lwhen |z|=¢&)

The integral representation of the function defined in (3.2.18) is given in (2.4.1) and
also studied by Jaimini and Tatwal in [43, p.954, eq. (1.18)] as the follows.

Theorem-1

For min{Re(a),Re(s)}>0; a pouicC; a,0e€C/Zy;8,v,peRp-5-v>-1

with |Z| <E=5%"p"

the integral representation of the function €4%" (z,5,a) holds true
w 1%
ot (z,s,a) rsjefa‘ts TEL (267 )dt ..(3.2.19)
0

where EX2*" (z)is the Mittag-Leffler function defined in (3.2.13).

a,B.o.p

In this chapter, the following well known facts and rules are required.

(i)  The Riemann-Liouville fractional derivatives operator D! is defined by

[21 p.181]:
D/ {f(2)}= r(i#)i(z_t)ﬂlf(t)dt' (Re(u)<0)
Corofi),  (mo1<Re(u)<m(men)
..(3.2.20)

It is known that
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Dy {z*} :%z”,(m(x)»l) ..(3.2.21)

(i) The Gamma integral [29, p.884, eq.312(2)]

F;f) = [ x“ e dx,Re(a) > 0 ..(3.2.22)
0

(iii) The Binomial expansion [96, p.20, eq. (29)]

->(a), % ...(3.2.23)

n=0

Where(a)nis the pochhammer’s symbol defined in (3.2.5).

SECTION-A

3.3 Inthis section the three integral representations and one fractional derivative for
general function defined in (3.2.18) are established. The general function studied in this
paper unifies the Mittag-Leffler function and the Hurwitz-Lerch Zeta function.
Therefore, as applications of these results we have evaluated certain type of integrals
involving the Mittag-Leffler function which gives the general function as resultant.
Also many known and new results related to the Hurwitz-Lerch Zeta function are shown

to be derived.

3.4 MAIN THEOREMS RELATED TO €32 (z,5,a)

a,B,0,p
We have obtained here certain integral representations and fractional derivative
formulae for general function defined in (3.2.18). These formulae are given in the

following four theorems.

Theorem-1

For w,4ucc;0eC/Z;; pe No;min{Re(a),Re(s)}>O;5,veR*;p—é—vZ—l

with equality when |z|< &7 =57v™p”,

we have the following integral representation

(X) 0

Fs ukIt e O (1) ELsi (ze7) dt (341
o Kl

1,0, AN

Sy (z,5.)

€
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H,O0AN
a,p,0,p

provided that each side of (3.4.1) exists and E (Z) is the Mittag-Leffler function

defined in (3.2.13).

Theorem-2

Fora, ueC; aeC/ZO‘; min{Re(a),Re(s)}>0; ov,peR": p_s5-v>—1 with

equality when |z|<&” =67v™"p”,

we have the following integral representation

k(k+1)

ey,w,v 25, a iT S—le_(a 2 ]t (]__e‘(“l)t) g0y (Ze_t) dt ...(3.4.2)
k=0 o

a,ﬁ’,ap a,f,0,p

10,4V

provided that each side of (3.4.2) exists and E/ ;7"

(z)is the Mittag-Leffler function
defined in (3.2.13).

Theorem-3

Let (a,) _, be a positive sequence such that the following Infinite series Ze ;

n=0
converges for any t< R* and for min{Re(a),Re(S)} >0
we have the following integral representation
Vv l 2 a +a 1 \Y;
ehoh (2,5,a) —F—Z;j % [1 e )]E;‘gjp(ze ) dt ...(3.4.3)
n=0o

10,4V

provided that each side of (3.4.3) exists and E/ ;7"

(z)is the Mittag-Leffler function
defined in (3.2.13).

Theorem-4

For Re(v)>0 and p >0, we have the following fractional derivative

Do {z“*l evste (27, s,a)} = 11:_02,1 st (2°,s,a) ...(34.4)

a,p.o,.p r a,p.t,.p

provided that each side of (3.4.4) exists.
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OUTLINE OF PROOFS
Proof of (3.4.1)

To prove result (3.4.1), let the right hand side of (3.4.1) is denoted by A, i.e.

= B e e e )

On changing the order of integration and summation, we have
1 < (W) —pt\K lys-1,-a - v
Alzﬁ}[{;k—!k(e ") }t e (1-e™) Ero (267 )dt

Now using the binomial expansion (3.2.23), above expression takes the following form

J'ts—l atE;u)iv 76~ )dt

aﬂo‘p

Now evaluate the above integral in view of (3.2.19), we arrive at once the desired result
in (3.4.1).

Proof of (3.4.2)
To prove result (3.4.2), let the right hand side of (3.4.2) is denoted by A, i.e.

a,p,0,p

k+l)jt

tsl ( 2 1_ef(k+1)t Ey,&,ﬂ,,v Ze—t dt

s 3 et e ae)

Using the integral representation (3.2.19), the above integral can be written as

A, = geg;‘sﬁ”ﬁ”v[) (z;s,a+@]—ieg:%fp (z;s,a+(k +1)[%+1D

k=0

Which gives

A, =elot (z;s,a)+ieg;j’§; [z;s,a+ k(k+1) j iezii’i‘?p [Z;S"'H(k +1)(§+1D

k=1 k=0

s =ersts (msa)e S sar(med Joa] |- Serszy msastion| 5]

10,4,V

a.p.op (Z, S, a). This completes

After simplifying, the complete expression becomes €

the proof of required result in (3.4.2).
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Proof of (3.4.3)

To prove result (3.4.3), let its right hand side is denoted by A, i.e.

_ = K —(a-ay+a, _ —(ans1—2y) O,V
A, Z[ % [1 e ]E" (ze™)dt

a,B,0.p

Using the integral representation (3.2.19) it can be written in the following form
5,4, 0,4,

A, Zeﬁ;ﬂavp z,5,a—a,+a,) Zegﬁgvp (z,5,a-3,+a,,)

Which gives

ybiv M0, AV 10,4V
Ay =€l (z;5,a)+ Zeaﬂw (z;s,a—-3,+a,) Zeaﬁap (z,s,a-a,+a,,)

ué/lv 1,0,AV 1,0,V
Ay =€t (z;5,a) Zeaﬂap (z;s,a—a,+ay,,,) Zeaﬁw (z,5,a—a,+a,,)

After simplifying, the above complete expression becomes €4'9%" (z,s,a). This

completes the proof of required result in (3.4.3).

Proof of (3.4.4)
To prove result (3.4.4), let its left hand side is denoted by A, i.e.
A, =D {z"‘l S (z”;s,a)}

Using the definition of (3.2.18) and on simplification we have the following form

) (ﬂ)vn Do— T {an+a 1}

A4
0' (a+n)’T(an+p)n!

’MS

Now on using (3.2.21) we have

A4 i ) (/I)vn F(pn+0) 7Pl
() ,(a+n) T(an+p)n! T(pn+7)

In view of (3.2.5), it can be written as follows

FO‘ 112 ) (i)vn (Zp)n

=0 r a+n) I'(an+p) N

On interpreting the series in view of (3.2.18) we achieve atonce the desired result in
(3.4.9).
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3.5 MILD EXTENSION AND ITS INTEGRAL
REPRESENTATION

We also studied here the mild generalization of the function defined in (3.2.18)
in view of parameters. It is defined in (2.6.1) and given as below [43, p.958, eq. (3.1)]:
P
H(/ul )&n 7"

e(;;)(( (z:5,2) i i-1 z ..(3.5.1)
“TI(e ) (a+n) F(an+ﬂ)n'

::|n

j=1
where (p,qeN,: s,z.44, 0, 8<C ;80 eC/ZO, 9., p; R,
v(i=12,..... p;j=L2...... q), and (,up)z,ul,,uz,...,yp;(§p)551,52,...,5p and

similar notation stands for (o, )and (p, )

The integral representations for the function defined in (3.5.1) is given by (2.6.3) and
recently studied by Jaimini and Tatwal [43, p.959, eq. (3.2)] as the following theorem.

Theorem-1

Forpqu 1S, Z, 44, , B €C aGEC/Z pER+

V(i=12,.p; j =1 2....q),

we have,

E(;;)((a )) (z,5,) je‘a‘ts‘lE “ ) )(ze‘t it ...(3.5.2)

provided that each side of (3.5.2) exists and Egtf';;)('f")?(p)(z)is the multi-parameter

Mittag-Leffler function defined by (2.6.2) in the following manner [43, p.959, eq.
(3.3)I:

P
(7 .
Eiﬂ)( i )(Z):nz B z . ...(3.5.3)
=

“Tl(e; )p T(an+p) n'

1 ]
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36 MAIN THEOREMS RELATED TO €))  (zs,a)

Certain new series integral representations for the generalized function defined in
(3.5.1) and the fractional derivative involving this general function are established here
as the following theorems.

Theorem-1

For all i=12,... p: j=L12,..... d, p,.qeNg: s,z,24 C, a,O'J-GC/ZO_;
5, p; €R” min{Re(a),Re(s)} > 0, we have

e(:p )’(513))

Ao ,(pq)(z?s’a)Zriw( jt“ e (1_e ™) EV I (zet)dt ..(3.6.1)

S ko a.fi(og)(pq)

provided that each side of (3.6.1) exists and E((Zf';?('f“)?(p)(z)is the multi-parameter

Mittag-Leffler function defined in (3.5.3).

Theorem-2

Forall i=1,2,...p; j=L12,....q; p.ae Ny s,2, 44, C; 80,€C/Z;; 5,p, R’
min{Re(a),Re(s)}>0, we have

k(k+1)

e‘f;).'(é”),pq 2:s,) kiz sle[“ ) [1-e 0] E(”")'((S")( ()t e

aBi(oq) (o

provided that each side of (3.6.2) exists and Eﬁf;?{f“)?(p)(z)is the multi-parameter

Mittag-Leffler function defined in (3.5.3).

Theorem-3

Forall i=12,.....p; j=12,....... a;p.qe Ny s,2,24 €C; &,0] EC/Z .,,OJER+

min{Re(a),Re(s)}>0. Also let (8 ),., D& the positive sequence such that the

following infinite series Ze_a”t converges for any t e R*then
n=0

E(a/‘;)("v) z7's,a _1} i?ts—le—(a—%ﬁn)t |:1_e_(an+1_an)t:| E(E:‘;;)(vzp)?(pq)(ze—t) dt

n=0 o

...(3.63)
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provided that each side of (3.6.3) exists and Eﬁf’;?('f")?(p)(z)is the multi-parameter

Mittag-Leffler function defined in (3.5.3).

Theorem-4

For Re(v)>0;4 >0 we have the following fractional derivative

D;/—r {Zv—l e(#p)_v(‘yq) (ZA s, a)} _ & 771 e(/’p)"’?(%)*}“ (Z’l 'S, a) .. (364)

@ (o) (70) Iz @ fi{oq) o) h

provided that each side of (3.6.4) exists.

OUTLINE OF PROOFS
Proof of (3.6.1)

To prove result (3.6.1), let the right hand side of (3.6.1) is denoted by 4, i.e.

A= 23 W Troagtonmn (1) I ()t

I'sis k! 0 a.pi(oq). (o
On changing the order of integration and summation, we have
A = i:.f i_(w)k (e‘ pt )k slg-at (1—6_ pt )W E(”n)‘(‘sp) (Ze—t)dt
! FS 0 | k=0 kl a’ﬂ;(O_Q)'(pQ)

Now using the binomial expansion (3.2.23), above expression takes the following form
_ L T pn)@) (e
= !t e Ea’ﬁ;(gq)’(pq)(ze )t

Now evaluate the above integral in view of (3.5.2), we arrive atonce the desired result
in (3.6.1).

Proof of (3.6.2)

To prove result (3.6.2), let the right hand side of (3.6.2) is denoted by A, i.e.

k(k+l)

ths‘l [ 2 ]t [1—e’("*1)‘} g4 (%) (ze‘t)dt

Sihars a0 )y )

Using the integral representation (3.5.2), the above integral can be written as

2 ()5, _ k(k+1)) & p _ k
Azzkz(;eiﬁ);((;))’(pq)[z,s,a ( ] Z (z,s,a+(k+1)(5+1n

=0
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Which gives

Hp ) Fp . N #p ) p . m
A, :ei‘ﬁ{(&q;(pq) (z,s,a)+zeaﬁ):((%))'(pq) [z,s,a+(m +1)(E+1D
—ie(””)‘(ﬁ“) z;s,a+(k+1) K+1
> afiog)(eg) | 77 2

After simplifying, the complete expression it becomes ei"’;);'((j”))](p)(z;s,a) .This

complete the proof the required result in (3.6.2).

Proof of (3.6.3)

To prove result (3.6.3), let its right hand side is denoted by A, i.e.
A = L Tretg e[ g el ] glhn) (Lo
et (e o (227)
Using the integral representation (3.5.2) it can be written in the following form
_ N ”p)*(ﬁp) . _ _ N ”p)'(‘sp) . _
By= 2 & i) (TS BFA) =D €L (2is.a—a +ay,)
Which gives

R (Z;S'a”;e&pﬂ):k(ii(pq) (zs.2-3,+3,)
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After simplifying, the above complete expression becomes e(’f")’(‘;") (z;s,a). This

a.Bi(oq)(py)

completes the proof of the required result in (3.6.3).

Proof of (3.6.4)

To prove result (3.6.4), let its left hand side is denoted by A, i.e.

a, ,(o‘q

A, =D/ {z“‘l E(””)’(ﬁq))y(pq) (zﬁ;s,a)}

Using the definition of (3.5.1) and on simplification we have the following form

p

@ H(lui )6in
A4 — Z - i=1 S D:—r {Zﬂn+v—l}
Pri H(aj)pjn(a+n) T'(an+p)n!

i-1

Now on using (3.2.21) we have

p

[1(x )(zn T(AN+V) e

A4:i q =
”:OH(Jj)p (a+n)sl“(an+,8)n!r(ﬂ“n+r)

S "

In view of (3.2.5), it can be written as follows

A :QZT—li E[('Lll)é]n(v)j,n (Zl)n
o I * n!
n H(G,—)pm(r)m(a+n) ['(an+p)

On interpreting the series in view of (3.5.1) we achieve atonce the desired result in
(3.6.4).
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3.7 SPECIAL CASES

(1) For limit & — 0 the results (3.2.19), (3.4.3), (3.4.4), (3.6.3), (3.6.4) reduce
respectively to the known results due to Srivastava et al.[101, p.494, eq.(2.4);
p.496, eq.(2.18); p.502, eq.(5.1); p.505, eq.(6.9); p.505, eq.(6.8)].

(if) Ifinresults (3.4.1) and (3.4.2), on letting limit«x — O these reduce to the known
results due to Gupta ([30], pp. 188-189, egs. (3.9.1), (3.9.2) at b=0).

(iif) If we take limit @ — 0 and 5 =v = p =1 inresults (3.4.1) and (3.4.2) then these
reduce to the known results due to Garg et al [23, p. 314, egs. (2.4), (2.3)] which
inturn at . = o, A =1 gives the results [60, p.129, egs. (46), (47)].

(iv) If we consider limit « >0 and s=v=p=1 ,A=0c inresult (3.4.4) then it

reduce to the known result due to Gupta [30, p.149, eq.(3.4.7)].
(v) [Ifwetake limit « >0 and s =v=p=1,7=4 inresult (3.4.4) then it reduce
to the known result due to Gupta [30, p.149, eq. (3.4.8)].

(vi) For limit & — 0, the result (3.6.4) reduce to the known result due to Gupta
([30], p.175, eq.(3.8.16) at b=0 and g =1).

SECTION-B

3.8  Motivated by the work of Srivastava [94] and Kumar [56], and to extend the
work of Section-A of this chapter here in this section we consider the following
multivariable analogue of the general function defined in (3.2.18) which is defined and

represented in the following manner:

. 3 1 : (/ui)‘.ni Zini
) (s S ES— (TR
nl,..,nrO(aJrZ pini) r[ngrzainij i1 ;!
i i-1

...(3.8.1)

whereV i=1,2,..,r; #,%,5,2€C; & eR"; min{Re(a),Re(s)} > 0; max|z,| <1,

1<i<r
Re(a;)>0; Re(p;)>0.
In this section, we obtained the integral representation of the general function

defined in (3.8.1). Three integral expressions are established for this multivariable

general function. The mild extension of these results is also established here. As
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application of these results the integral expressions for simpler function related to
Hurwitz-Lerch Zeta function are shown to be derived. Due to generalization of
parameters and variables the main results established in this section also provide the
extensions of the results studied in earlier Section-A of this chapter.

3.9 DEFINITIONS REQUIRED

The multivariable extension of the function (3.2.6) is defined and studied by
Raina and Chhajed [80, p.98, eq.(5.1)]. We define this function at b = 0 in the following
manner:

¢((:i)) (X X @,@) = 2_ (a+Q)™ ﬁ[M] ...(3.9.1)

m o - (m)

where ,>1(i=12,..,n); Re(ar )>0; Re(p;)>0; max|x | <1 Q=> pm

<i<n i
A multivariable extension of Mittag-Leffler function defined in (3.2.10) is studied by
Gautam [25] and Saxena et.al [88, p.536, eq. (1.14)], it is defined and represented as

follows:

* 7 My kl_“ K
EV) (2n2,)= D (i) A7), a ok ...(3.9.2)
Wi D(A+kpo +.. koo ) KLk !

where 4,7;, 0, €C; Re(,oj)> 0 j=12,...r
A mild generalization of multivariable analogue of Mittag-Leffler function (3.9.2) is

also due to Saxena et.al. [88, p.547, eq. (7.1)] (see also [25],[30]).

0 Ky ke
E(}/r);gr)(zl,.“’zr)z Z (7/1)kll1 (yr)krlr Zl ...Zr .“(3.9.3)
(). T (ko +o Kooy ) K LK !

where 4,7;,1;, p; EC;;Re(pj)>0; Re(lj)>0;iGEZg:{O,—l,—Z,---}; i=12,...r

The integral representation of the function (3.8.1) is obtained here.

Integral Representation

Forall i=1..r; 6, eR" 14,¢,5,2€C; min{Re(a),Re(s)}>0; Re(p;)>0;
Re(a;)>0;and r2§x|zi|<l,

we have the following integral representation of the function defined in (3.8.1)
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(4 )5, 17 s1g-at (4 (3) (7 gb it
ey (Zs02,55,8) = = — [t L) (2 ™,z e ) dt ...(3.9.4)
0

where E“ ") (z,,..., 7, ) is the multivariable Mittag-Leffler function defined in (3.9.3).

Proof of (3.9.4)
We have the multivariable general function (3.8.1) in the following form,

= I's 1 r {(ﬂi )sn Zini}

(s 1
Sension (Bezis@)=pe Xy 1= Tl
Ny, N =0 i=1 i -
(a+zpinij F([HZainJ
i=1 i=1

In view of (3.2.22) we have

R CTERNRINE U iy MO P N T 04 G5

- N
Sn1 ,,,,, n.=0 | o F(,B"_Zainij i=1 n..
i=1

on interchanging the order of integration and summation it takes the following form

(#1)50 (e ™)’

dt
I's

Eﬁﬁiif(ﬁ;})p,)(zf 22,38,@) = - J.tHefat i 1r lL[
r{p+Fan "

on interpreting the inner summation in view of (3.9.3), we atonce arrive at the required
result in (3.9.4).

3.10 INTEGRAL EXPRESSIONS RELATED TO

Egzigj(ﬁﬁ?r()m) (Z v ’Zras a)

In this section, we establish the following three integral expressions associated to

multivariable general function defined in (3.8.1).

Theorem-1

Forall i=1...r; 6 €R" 4,0;,,2€C; min{Re(a), Re(s)} > 0; Re(p, ) >0

Re( )>0 and max|z |<1,

I<i<r

we have the following integral expression
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(4 (5
<

o (e Zi38,8) = iiﬂfts_le(aﬂp)t(l—e_m)y E(:,r)'(br)( et Z,efp't)dt
]

...(3.10.1)

provided that each the side of (3.10.1) exists and E((:'i?ggf) (z,,...,, ) is the multivariable

Mittag-Leffler function defined in (3.9.3).

Theorem-2

Forall i=1..r; 6 €R™ 14,0;,5,2€C; min{Re(a),Re(s)} > 0; Re(p,)>0;
Re( )>0 and Tax|z |<1,

we have the following integral expression

I(I+1)t

2 ] (l—e’(”l)t)E(( ))/(fr)(Zlefplt,“.,zre—prt) dt

EEZ:{(;;()W) (z v 2,3 S, a ZO:J' e (
0
...(3.10.2)

provided that each the side of (3.10.2) exists and E({*(z,,...,z, ) is the multivariable

Mittag-Leffler function defined in (3.9.3).

Theorem-3

Let (yn) be a positive sequence such that the following infinite Ze t converges
n=0

forany teR*and forall i =1...r; 6, e R" 14,¢,5,2€C; min{Re(a),Re(s)} >0
Re(p,)>0; Re(a)>0;and max (|z]) <1then,

we have the following integral expression

egﬂr;;(‘sr) (Z, Z:s, a ZJ' ~(a=ro+m)t |:1_e_<7n+l_7n)t:|E(;F)l(af)( e Zrefp’t) dt

...(3.10.3)
provided that each the side of (3.10.3) exists and E " (z,,...,z, ) is the multivariable

Mittag-Leffler function defined in (3.9.3).
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OUTLINE OF PROOFS
Proof of (3.10.1)

Let the right hand side of (3.10.1) is denoted by A, i.e.

A = L iﬂTt“e‘(“'p)t (1— e M )7 E&f{%ﬁr) (zle‘plt v Z,87P ) dt
"0

On interchanging the order of integration and summation, we have the following form

o0

—{2% >} o (1o B (2 ez o,

Now in view of (3.2.23), we have

A, - rl [t EL0) (26 2, ) dt,
S0

On evaluating the above integral with the help of (3.9.4), we atonce arrive at the desired
result in (3.10.1).

Proof of (3.10.2)
Let the right hand side of (3.10.2) is denoted by A, i.e.

1 =% ,{ag('zﬂ)
=—) [t
I's Z;}[

it can be written straightly in the following form

j [1_ o (It } E (#)i() (zle‘ Ptz P )dt ’

(a).8

| +I(I+1)

A, =iiTt“e [a 2 ]tE("');(&f)(zle“’lt,...,zre‘prt Jot
0

()8
© % — a+(I+ l+
—%Izoljt“e [ e lDtE((O‘{‘:))fff)(zle‘plt,..., zre‘p") dt
=00

On evaluating the above integrals with the help of (3.9.4) it can be written in the

following form

A, Z gz:ﬁ(pr{ v 23S, a+| } gei)(;(pr{ v 2,3 S, a+(|+1)(|5+1ﬂ,

which gives

(o). B:(pr) v (o). B:(pr) L

A =€) (3, 75,3) zemm { oz Sa+'('2+1)}
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ie ﬂ(pr{ v 2,3, a+(|+1)(|5+1ﬂ

1=0

It can be written as

oS 00 m
AZ:E&:;Z%»( e S,a +%e ﬂ(pr{ ven 23 S, a+(m+1)(5+1ﬂ

ie ﬂ(pr{ v 2,3, a+(|+1)(|5+1ﬂ

1=0

(o)

on simplifying, the above complete expression becomes &' ;ﬂ,(p

e (Ziz;8,@). This

completes the proof of the result in (3.10.2).

Proof of (3.10.3)
Let the right hand side of (3.10.3) is denoted by A, i.e.

i? ). [1 s m}E;:rri:;ar>(Zlefplr,__'zrefp,t)dt,
n=0 o

it can be written in the following form

i;z P e B (2707 P )it
Zj'ts Lo~ (@ 7naro )t g (i ));&)(Zle—plt,_“’Zre—prt)dt
0

nO

On evaluating the above integrals with the help of (3.9.4), it takes the following form

A3:§EEZ:{(2()D;)I:ZP' a 70+7":' ;E ﬁ(p,I: v L (a+7n+1 70):'
which gives
A3:EEZI;(ﬁ5:r()p,) +2;35,a) +lee Moy [zZii8.(@=70+7,)]

It can be written as

Aszegzigi(ﬂ(ir()pr)( e lpy S8 +ZE /i(prI: v Lo (a 7/0+7/m+1)J

m=

|
Ngk
Am/—\

g:g(zr)P. [Z’ 2Ly (a+7/n+l 7/0)}
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on simplifying, the above complete expression becomes eE %(ﬂ()p) (2,...z,;s,a). This

completes the proof of result in (3.10.3).

3.11 MILD EXTENSION OF MULTIVARIABLE GENERAL
FUNCTION
A mild extension of general function defined in (3.8.1), in view of the parameters

is studied here. The extended general function is defined and represented in the
following manner:

)

()i (") (z,-12,35,0)

ﬁ

- 1 T2 iz .(311.1)
e "r_o(aJrinl:yinij F(ﬂ+izr1:ainiJ “T1 v

whereV i =1...r; P, 0 €No; 67, ) e R*; 8,01 €C/Z5 ;78,2 1", B eC

(j=1..p;k=1..q,), max|z,| <1,and for all i=1...r, the notation (") =", 1t

and (6{") abbreviate the same array of parameters as in (#"). (6")=0/",..,c{ and

(p") abbreviate the same array of parameters as in (0y’) and

(@) =0y, (1) = 10007,

3.12 DEFINATIONS REQUIRED

We consider here the following extended Mittag-Leffler multivariable function.
It is represented and defined in the following manner:

Pi

- H(ﬂ' )
/J(jl) ; 55') - 1 j=1 b()n, Z
E((ai),lg U&')))(p('))(zl""’zr): Z r H Jq n il ..(3.12.1)
=°F(ﬂ+2ainij = H(O‘él )
i=1 k=1
v(l_ :L p|7k 1 q) ﬂ])’é‘]()’aé)7pk ,a,,ﬁeC p|7q|€N and

min {Re(;é”), Re(a), Re(f3), Re(1"), Re(5\"), Re(a "), Re(p§‘>)} >0
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the notation (1")=4",..., 4 and (5”) abbreviate the same array of parameters as in
). (o) =0,...0{and (p") abbreviate the same array of parameters as in
(ep 0 ) and (&) =,

Remark: At p. =@ =1 (Vi=1....r) the extended multivariable function (3.12.1)

reduce to the multivariable Mittag-Leffler function due to Gurjar [33, p.7, eq. (1.8)].

3.13 INTEGRAL EXPRESSIONS RELATED TO
i

E(D’i)'ﬂ;(}/i )V(O'lgi));(plgi)) (Z Yoy Zr .S, a)

Certain new series integral expressions for the mild extension of the function

defined in (3.11.1) are established here as the following theorems.

Theorem-1

For all i=1..r; j=1---pi; k=1..q,; P;»¥; € Nq; 5J(i),,0;£i)€R+; a,Gii)GC/ZE
Vi S, Z, uJ ,a,,,BeC max |z;| <1,

1<i<r

we have the following integral representation of the function defined in (3.11.1)
i) 50 s
e(’“ jol) . 1Z;;5,8) I e‘atts‘lE(”J )( i (zle*yl‘,..., zre*“) dt
). B (), (@), ); )
..(3.13.1)

where E(a_')ﬂ_(;(i))_(p(i))(Zl,---,Z,)is the extended multivariable Mittag-Leffler function

defined in (3.12.1).

Theorem-2

For all (i=l.r j=1.p; k=1..0;), P;,0; €N 510),,08) eR": a,aﬁi) eC/z,
]/I,S Z, :uJ ,al,ﬂeC rL]a<X|Z|<1

we have the following integral expression

)
Spsonfabf) (B 7i92)
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=Fii(l_]ol @ (1-e )" E((#_(‘i) W i)(zle‘h‘,...,zre‘”)dt .(3.13.2)
=0 0 A

(0 s0)
provided that each the side of (3.13.2) exists and E( i '()));(p(i))(zl,---,zr)is the

multivariable Mittag-Leffler function defined in (3.12.1).

Theorem-3

For all (i=Ll.rj=1.p;k=1..q,), P,.0 €Np; 6, o) eR*; 8,0 €C/Z;
yus.z. i) o, BeC, max|z[ <1,

we have the following integral expression

et

(ai)’ﬂ:(yi),(aﬁi));(pﬁ”) (Z pen Ly S,y a)

I(I+l)

l Izo:l‘ts 1q [ j‘ [1—3_(|+1)t] E((Aj‘,i? ;fﬁﬁ)' | i)(Zle_ylt,..., Zre—y,t) dt ..(3.13.3)

[ s(0)
provide that each the side of (3.13.3) exists and E((:') )’%i)))_(p(i))(21,---,Zr)is the

multivariable Mittag-Leffler function defined in (3.12.1).

Theorem-4

For all  (i=1.r j=Ll.p;k=1..q,); P0; €Ny 6, p" eR"; 0,00 €C/Z,

1 .s.2,0,, 8,7, €C; min{Re(a),Re(s)} > 0; Re(p,) > 0; Re(a;)>0; max(|z,) <1

I<i<r

and

Also let (vn) be a positive sequence such that the following infinite Ze
n=0

converges for any t e R*then,

we have the following integral expression

EEZ:»)/;(;>),(as));(p§”) (20 2:35:2)

Ao e e o

nOo
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(ai | Pk

() 50)
provided that each side of (3.13.4) exists andE(#')]Z((;@)).(pm)(21,---,Zr)is the

multivariable Mittag-Leffler function defined in (3.12.1).

OUTLINE OF PROOFS
Proof of (3.13.1)
We have the multivariable general function (3.11.1) in the following form,

()() sa)e Lt S Is !
e(ai),ﬂ;(}/i),(o'lgi));(p&i)) (Z]_v"-; Zrasy a) - FS o ';:0 r S r
oty (a+27i”ij L| B+ an,
" i=1

In view of (3.2.22) we have

NP ti))(Zl,...,zr;s,t':l)zri i {Ttue[vifn]tdt} 1“(;

() B ok

- H(O-S))m "

k=1 PN

on interchanging the order of integration and summation it takes the following form

)50 I N
oty (aeisa) e 3
i)B: i)\ o’ i A 0 Moe=0 + ain,]
(53,

on interpreting the inner summation in view of (3.12.1), we atonce arrive at the required

result in (3.13.1).
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Proof of (3.13.2)
Let the right hand side of (3.13.2) is denoted by A, i.e.

l

eyl

Fi . o(z€7 e dt
=0

On interchanging the order of integration and summation, we have the following form
1t (@) sag-at (1 gom\ gl o) e

Al :F_S'!.{ZT( ) }t e (1—e pt) E(ai),ﬁ;(l’s))(/o(i))(zle }/t,..-,zre ﬂ) dt,

Now in view of (3.2.23), we have

_ 1764 —at (”Ei))?(‘ygi)) —nt —yt
r—g!ts e E(ai)ﬁ;(as))(p&i))(zle Az dt

On evaluating the above integral with the help of (3.13.1), we atonce arrive at the
desired result in (3.13.2).

Proof of (3.13.3)
Let the right hand side of (3.13.3) is denoted by A, i.e.

+I(I+1)

Az—rlsgots—l ) et el (e e

it can be written straightly in the following form

s-lg (a+wj (”'. % -nt -nt
th ),ﬁ-(as));(pﬁi))(zle X )dt

|00

—
> =
o
-

On evaluating the above integrals with the help of (3.13.1) it can be written in the
following form

S ()
B = = e(ai)ﬁ:(rn,(a&”);(pﬁ'))

ie ﬂ(y) T ){zl,...,zr;s,a+(l+1)(|§+1ﬂ

1=0

{z, 2Z,;S,a+

|(|+1)}

2

which gives

102



Chapter-3

AZ=e£:(ji)),)[;(;2(/:))),(0'£'));(pﬁ'))( v Z,3S,a +Izoolle ’;(y) (ool ){zl,...,z,;s,ajt@}
ge ﬁ(y ’(pk){z, 02,38, a+(|+1)(|5+1ﬂ

It can be written as

: ﬁmﬁ;wwwﬂ4wlﬁ&®+§kgwikmmwP"45a+“”4{2+Q}

m=0

2 @;;mﬁwqu’ Jﬂsa+“+”(;+@}

on simplifying, we get the required result given in (3.13.3).

Proof of (3.13.4)
Let the right hand side of (3.13.4) is denoted by A, i.e.

1 &% —(a—vp+vy) ~(Vns1 =V V(o] -l ~%,
s=ppfre et el T (e e

it can be written in the following form

nOo

On evaluating the above integrals with the help of (3.13.1), it takes the following form

© | |)

A, = Ze i i [Zl, 2Zis(a=ve+v,) ]

n=0 %)

ie ' ,(k)[zl’ 2258, (a+v,, —VO):I

n=0 i)

which gives
(). sl (i)\.[ i

_ ) : o~ A H)
A =S (o A7) (Z-2is.2)+ 22 )il A7) [2-zis(a-vy+n,)]
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(o -
L

It can be written as

_ et S
A, E(ai),ﬂ;(%)v( (i))_(p()) el S, a +ZG ﬂ(y. ( )I:Z, " r,S(a, VO+Vm+1):|

O,
k P\ Pk m=

ZE#J’ oy )[Zv ,zr;s,(a—v0+vn+1)J

n=

on simplifying, we get the required result given in (3.13.4).

3.14 APPLICATIONS

The multivariable general function defined in (3.8.1) and its mild extension
defined in (3.11.1) unify all the functions associated to Hurwitz-Lerch Zeta function of
one and several variables. Therefore, as the applications, many new and known results
can be obtained from our main results studied in this Section-B. Some of these have

been shown to derive as follows.

(i) Ifin(3.9.4), we apply Lima, -0 and take &, =1 then it reduces to the known result

due to Raina and Chhajed ([80],p.99,eq.(5.2) at b =0) whichinturnat I = p, =1
provides the known result due to Goyal and Laddha [28, p.100, eq.(1.6)].

(ii) Ifintheoremin (3.10.1),(3.10.2) and (3.10.3), we apply Limg, -0 and take J, =1
then these results provide the following corresponding new integral expressions
for multivariable Hurwitz-Lerch Zeta function ¢((/fr')) (z,...z,;5,a)defined by

Raina and Chhajed ([80], p.98,eq.(5.1) at b =0).

Corrollary-1
Forall i =1...r; #,5,2€C; min{Re(a),Re(s)}>O; Re(p;)>0;and

max (|z,]) <1

I<i<r

we have the following integral expression

r

1 Oc (I' J‘ts—l (a+lp)t (1 ept)7 (1 Zep,)”'

(pr)
Gy (22,58,8) = FSuo |

...(3.14.1)
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Corrollary-2
Forall i =1...r; &,5,2€C; min{Re(a),Re(s)}>O; Re(p;)>0;and

max (|z,[) <1
we have the following integral expression

+I(I+l)

¢<(i'>) (21--- .S, a) = é izt“e[ 2 ]t [1_ e—(|+l)t:|]j(l_ g0t )_,,i it

i=1

...(3.14..2)

Corrollary-3
forall i =1...r; 4,5,2€C; min{Re(a),Re(s)} > 0; Re(p;)>0; max|z,| <1

1<i<r

also let(y,) _, be a positive sequence such that the following infinite Y

ne
n=0

converges for any t e R*then

we have the following integral expression

r

¢((’5rr)) (Zl"'zr ‘S, a) — ris 2Tt5—1e—(a%+yn ) [1_ e_(7n+1_7n)t:|H<1_ ze pit )_”i dt
n=00

i=1

...(3.14.3)

For r=1 Limeg, -0, p=26=5,=1, q,=1,p=1, y =1and, results
(3.13.1), (3.13.2), (3.13.3) reduce to the known results due to Garg et.al. ([23],
p.313, eq. (2.1); p.314, eqs. (2.4), (2.3)) respectively.

If we take =1 p =2,q,=1,7 =1and Lime, — 0, then results (3.13.1) and
(3.13.4) reduce to the known results due to Srivastava and Pogany ([101], p.494,
eq.(2.4); p.496, eq. (2.18)) respectively.

If we take I'=1, p,=p,q, =0, =1and Limea, — 0, then results (3.13.1) and
(3.13.4) reduce to the known results due to Srivastava and Pogany ([101], p.504,
eq.(6.4);p.505,eq.(6.9)) respectively.

For r=1 p=2qg,=1and y,=1,and Limea, —0,results (3.13.1), (3.13.2),
(3.13.3) and (3.13.4) reduce to the known result due to Gupta ([30],p.169,
eq.(3.8.1); pp.171-172, eqs. (3.8.5), (3.8.6), (3.8.4) at b =0) respectively.
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(vii) For r=1 p,=p,q,=qgand Limg, — 0, results (3.13.1), (3.13.2), (3.13.3) and
(3.13.4) reduce to the known result due to Gupta ([30],pp.172-173, eqs.(3.8.7),
(3.8.9), (3.8.10), (3.8.8) at b =0) respectively.

(viii) For Lime; — 0, results (3.13.1), (3.13.2), (3.13.3) and (3.13.4) reduce to the

known result due to Gupta ([30], pp.173-175, egs. (3.8.11), (3.8.13), (3.8.14),
(3.8.12) at b =0) respectively.
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GENERALIZED FRACTIONAL INTEGRAL AND
DIFFERENTIAL OPERATORS AND

CERTAIN EXTENDED k- GENERALIZED
MITTAG-LEFFLER TYPE FUNCTIONS

The main results of this chapter have been published / accepted / communicated for

publication as per details below:

1. The generalized fractional calculus of the extended k-generalized Mittag-
Leffler function.

(Communicated for publication)
2. On extended k-generalized Mittag-Leffler type function and its generalized

fractional integration and differentiation.

(Communicated for publication)
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4.1 INTRODUCTION

This chapter presents a generalized fractional calculus of the extended k-
generalized Mittag-Leffler function and extended k-generalized Mittag-Leffler type
function via Marichev-Saigo-Maeda integral and differential operators. The Caputo-
type Marichev-Saigo-Maeda fractional derivatives are also established for extended k-
generalized Mittag-Leffler function and for extended k-generalized Mittag-Leffler type
function. The chapter presented into the two parts: Section-A and B.

In section-A, we have obtained the Marichev-Saigo-Maeda integration and
differentiation formulae for the extended k-generalized Mittag-Leffler function. The
Caputo-type Marichev-Saigo-Maeda fractional derivatives are also established for this
extended k-generalized Mittag-Leffler function. In section-B, we consider extended k-
generalized Mittag-Leffler type function of arbitrary order. We have obtained
Marichev-Saigo-Maeda integration and differentiation and the Caputo-type Marichev-
Saigo-Maeda fractional derivatives for this function in this section.

Section-A deals with the six formulae as images of Marichev-Saigo-Maeda
operators, two of them deal with the Marichev-Saigo-Maeda fractional integration.
While next two formulae deal with the Marichev-Saigo-Maeda fractional
differentiation and the rest two formulae are associated with the Caputo-type Marichev-
Saigo-Maeda fractional derivatives for the extended k-generalized Mittag-Leffler
function. As applications of the main theorems the Riemann-Liouville integral and
fractional derivative, Erdelyi-Kober fractional integral and derivative, Saigo and
Caputo fractional integral and fractional derivative of extended k-generalized Mittag-
Leffler function are shown to be obtained. Certain known and new results for simpler
functions are also shown to be derive here.

In the section-B, we have considered the extended k-generalized Mittag-Leffler
type function and established six formulae of Marichev-Saigo-Maeda fractional
integral and derivative operators and the Caputo-type Marichev-Saigo-Maeda
fractional derivatives operators involving this function. As applications of the main
theorems the Riemann-Liouville integral and fractional derivative, Erdelyi-Kober
fractional integral and derivative, Saigo and Caputo fractional integral and fractional
derivative for this extended k-generalized Mittag-Leffler type function are shown to be
obtained. Certain known and new results for simpler form of Mittag-Leffler functions

are also shown to be derive here in this section.
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4.2 DEFINITIONS AND PRILIMINARIES
The fractional calculus recently known as calculus of arbitrary order is mainly
based upon the following fractional integral and differential operators known as

Riemann-Liouville fractional integral and differential operators [48]:

(50000 = 5 SOt F e @21)
()00 =gy [0 F (e (422
(01.0)0 (L] (1200 @29)
(©1)00=(-L] (17 1)0) (@24)

where veC,Re(v)>0,m :[Re(v)]+1and xeR".

Marichev [64] and Saigo and Maeda [83] studied the generalized fractional
calculus operators with the Appell function F;in their kernel. These operators are
known as Marichev-Saigo-Maeda operators and defined as follows:

Let v,v', 41,z < C With Re(17)>0 x e R* , then the left and right fractional

integral operators are defined as follows [83]:

(1518 )(x) = FX(_;) I(X—t)'7_1t"'F3 (v,v',y,y';n;l—%,l—%j f(t)dt
..(4.25)
(1w £)(x) = rx(n) I(t—x)"_ltVFs (V,v', “ y';n;l—%,l—ij f ()t
..(4.26)
where F, is defined as follows [96];
v snut) = 37 (LB X (ma g ) <)
(42.7)

where (v)_denotes the Pochhammer symbol defined in term of the Gamma function as

below [95]:
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r'(v+m 1 ,(m=0
)y :g:{v(v+l)...(v+m—l),(me N) - (42.8)

The operators defined in (4.2.5) and (4.2.6) are reduced to be the Saigo fractional

integral operators defined and represented in the following manner [84]:

(l(‘)’:#,O,—p,O,Vf)() (Ivupf _x T [V+,u, pvl—;jf(t)dt

F v
...(4.2.9)
v+4,0,—p,0,v _ v, _ 1 T -V— 1
(1)) = (12 )00 = s ) (v+y, il ?Jf(t)dt
...(4.2.10)
where , F is the Gauss hypergeometric series defined as below [96]:
F (v, 15 0 X) = mz( w () ;!, (X<1) ...(4.2.11)

For v,v',u, u',neC with Re(n)>0 ,x e R*, the left and right Marichev-Saigo-

Maeda fractional differential operators are defined in the following manner [83]:

(DLms £)(x) = (1,741 ) (x)

(:Xj (va —V,— M, ”*mf)( ) (4212)
and
(D )(5) (171

:( O‘ljxj (rv Vo, ﬂ+mf)( ) ...(4.2.13)

where m=[ Re(r)]+1and [Re(7) |denotes the integer part of Re(77).

These operators are reduced to be the following Saigo fractional derivative operators
[84]:

(D(\)/:ﬂ,o,—p,o,v £ )(X) _ ( DY f )(X) 1 (,0 = C) ...(4.2.14)
and
(DL/HI,O,—p,O,v f )(X) — ( Dl/’”'p f )(X) , (p = C) .. (4215)
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Remark-4.2.1
At 1 =-V, the operators define in (4.2.9), (4.2.10); (4.2.14) and (4.2.15) respectively

reduce to the Riemann-Liouville fractional integral and derivative operators, defined as
in (4.2.1),(4.2.2); (4.2.3), (4.2.4) (see also [48]), while at ,,=0 these operators defined

in (4.2.9), (4.2.10); (4.2.14) and (4.2.15) reduce to the following Erdelyi-Kober

fractional integral and derivative operators [51]:

()01 [ et o 420
(5. 100 = F (0 “E e e @2.17)
01109 [ (e oveme)00 4218
(0, )0 =~ ] (1) - 4219)

Where p,veC, Re(v)>0, m=[Re(v)]+1 and xeR".

The following fractional integral and derivative formulae obtained in view of
(4.2.5), (4.2.6); (4.2.12), (4.2.13) are required here [83]:
(Igf""""’”tﬂ‘l)( )= C(A)T(A+n—v—Vv'—pu)T(A+u'"-V")

C(A+p)T(A+n—-v—V )T (A+n-V'-u)

A-v—-v'+n-1
X 7

..(4.2.20)
where v,v', ' \neC and
Re(77) >0,Re(2)>max{0,Re(v+v'+ u—n),Re(v'+ ')}
(I\,Y\,.’ﬂ'ﬂ.ﬂtﬂ1)()():1"(1—?L—,u)1"(1—/”t—77+V+V')1"(1—/1+V+,u'—77)X/lVv.ml

FA-A)T(1-2+V—)L (1=A+V+V'+pu'—7n)

..(4.2.21)
wherev,v', z, u1',n < C , Re(17)>0and
Re(1)<1+max{Re(-x),Re(v+Vv'=n),Re(v+u'=n)}.

(Dgf"“'”"”tl*l)(x): D(A)C(A=n+Vv+v+u)T(A=p+V) v
C(A-p)T(A-n+v+V )T (A-n+v+u')
.(4.2.22)
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where v,v', i, 11", e C and
Re(n7)>0,Re(4)>max{0,Re(n-v-v'-u'),Re(u-V)};

(o) LAAL T A=AV s T A=AV ) vy
) F(1-2)T (1= A+V+ )T (L=A—V—v'—u+7)

...(4.2.23)

wherev,v', o' neC and
Re(77)>0,Re(4)<1+max{Re(u'),Re(n-v-V'),Re(n-v'- u)}.
Recently Rao et.al [82] introduced and studied the Caputo-type fractional derivative

that have the Gauss hypergeometric function in the kernel these fractional derivatives

are defined in the following manner:
Let u,v,a cCcwith Re(v)>0,xeR"then the left and right Caputo-type fractional

differential operators are defined as follows.

(c Déj_'v'a f )(X) _ ( I()—:+[Re(v)]+l,—y—|:Re(v)]—l,v+a—|:Re(v)]—1 f ([Re(v)]+1) )(X) B (4224)
and
( c DAY f )(X) _ (_1)([Re(V)]+1) ( |;H[Re(V)]+1,—#*[Re(V)]fl,v+a f [Re(v) J+1 ) ( X) .(4.2.25)

The Caputo-type Marichev-Saigo-Maeda fractional differential operators are recently

studied by Kataria and Vellaisamy [46]:
Let v,v', u, ' & eCwith Re(.f) >0,xeR"then the left and right Caputo-type

Marichev-Saigo-Maeda fractional differential operators are defined as follows,
(C D(\)/J,rv',;z,y‘,g f )(X) _ ( I0—:',—V,—,u'+|:Re(v):|+1,—ﬂ—cf+|:Re(v):|+1 f ([Re(v)]+1) )(X) B (4226)
and

(CDY’V"”'”"CE f )(X) _ (_1)[Re(V)+l] ( I_—V',—V,—/l'v—lH—RE(V)+1,—§+[R6(V)}—1,V+(1 f [Re(V)]ﬂ)(X) (42.27)

The following known results for the Caputo-type Marichev-Saigo-Maeda fractional
differentiation are required here [46]:

S i) () = L(A)T(A-&+V+V'+ u'—b)T(A—p+v—b)
(i )()_r(z—y—bﬂXA—g+v+wﬂ14—§+v+yzb)

A+v+v'=&-1
X §

...(4.2.28)
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where v,v', u, i1, & eC, Re(1)-b> max{O, Re(&—-v-v'-u'), Re(u—v)} , and

b=[Re(&)]+1

cvwaaieiNgor LA+ u+D)T(A-V'—u+E+D)T(A-V-V+E) ..,
(B ) (= F(A)T(A—Vt i +D)T(A—v—v—p+Eb)

(4.2.29)
where v,v', 1, 11", & «C, Re(A)+b>max{Re(-x),Re(v'+ u—&),Re(v+v'=&)+b}
and b=[Re(&)]+1.

The elementary Mittag-Leffler function is defined and represented as follows [66],

(xeC,1>0) ...(4.2.30)

ZHZ;F nl+1) ’

A generalization of this function was given by Wiman [113],

o0

=T ( nI +m) ...(42.31)
where x,I,meC;Re(l)>0,Re(m)>0

The above definition of Mittag-Leffler function is extended by Prabhakar [78]:

n

i o), _x ...(42.32)

= T(nl+m) n!
where x,1,m, peC;Re(l)>0,Re(m)>0
Recently Shukla and Prajapati [93] studied the following four parameter Mittag-Leffler
function:

o0 Xn
Epr ...(4.2.33
L nzoF nI+m) ( )

where x,1,m, peC;Re(l)>0,Re(m)>0,Re(p)>0and o (0,1)UN.

The Mittag-Leffler function is further extended using the k-Gamma function [13]. It is
defined and represented as follows by G.A. Dorrego et al. [17]:

Ekplm ):ZF

n

X nI +m) ..(4.2.34)
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k>0,x1,m peC;Re(l)>0,Re(m)>0,Re(p)>0,

I (p+n)
where (£),, =——= 7 ...(4.2.35
( ),k Fk (,0) ( )
and T, ( j et dt, k>0. ...(4.2.36)

For the more the generalized Mittag-Leffler function and their applications, we refer to
[2,26,35,42].
Recently Rahman et al. [79] studied the following extension of k-Mittag-Leffler

function:

= B (p+nk,c-p;p)(c
EpC
kIm X, p ; k p,C p) (n|+

X
v ...(4.2.37)

)us
m)

B k,c—
For (P _Bilp+rk.c-p) ...(4.2.38)

().,  Bdpc-p)

where B, (X, y)is the k-Beta function defined in [13]:

F () () .(4.2.39)

B (x.¥)= kFE (l+y)

and B, (I,m; p) is an extension of the k-Beta function defined as follows [71] (see also

[70]):

pk

1 l_ m _
B, (1,m; p) =%Itk 1(1—t)?’1e MO it ...(4.2.40)
0

The above extended function is further studied by Jain et al. [45]. This extended k-
generalized Mittag-Leffler function is defined and represented as follows [45, p.473,

eq. (10)]:

i&pmwcpm (s X"
- B (p.c-p) Ty (nl+m)n!

where k >0;x,1,m, peC;Re(l)>0,Re(m)>0,Re(p)>0,0(0,1)UN;p=0.

ESo (% p) ..(4.2.41)
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SECTION-A

4.3 Recently Bin Saad and Younis [5] studied Marichev-Saigo-Maeda fractional
integration and differentiation and the Caputo-type Marichev-Saigo-Maeda fractional
derivative of the extended Mittag-Leffler- type function of arbitrary order. Motivated
by the above cited work due to Bin Saad and Younis, we established six fractional
integral and differentiation formulae for the extended k-generalized Mittag-Leffler
function defined in (4.2.41) in this section. First two formulae deal with the Marichev-

Saigo-Maeda fractional integral operators (15" f )(x) and (1¥"**" £ )(x), while

the next two formulae are associated to the Marichev-Saigo-Maeda fractional derivative

operators ( Dy f)(x)and (D' f)(x)of this k-generalized Mittag-Leffler

function. The remaining two formulae associated to the Caputo-type Marichev-Saigo-

Maeda fractional derivatives operators (€D f)(x) and (D" f)(x)are

also established for the above extended k-generalized Mittag-Leffler function (4.2.41).
As applications of the main theorems established in this section, Riemann-Liouville,
Erdelyi-Kober fractional integral and derivative, Saigo and Caputo fractional integral
and fractional derivative of extended k-generalized Mittag-Leffler function are shown
to be obtained and certain known and new results for simpler functions are also shown

to be derived here.

4.4 MAIN THEOREMS

Marichev-Saigo-Maeda Fractional Integrals of the Function E/;7%°(t; p)

k,1,m
Two fractional integrals of the extended k-generalized Mittag-Leffler function
are established here by applying left and right sided Marichev-Saigo-Maeda fractional
integral operators defined in (4.2.5) and (4.2.6). These image formulae are given in
Theorem-1 and Theorem-2 as below:
Theorem-1

For v,V iy, At I, mceC with
Re(2)>max{0,Re(v+Vv'+ z—17),Re(v'- ')} >0,
Re(r7)>0,Re(c) >0,k >0,Re(l)>0,Re(m)>0,Re(p)>0, o€(0,1)UN;peRy,

we have the following Marichev-Saigo-Maeda left fractional integral,
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> p+nakc p;p) Iy (c+nok)

( I(\)/.LV"IUUU n I:tl—lElflo—mc :|)( o A Z

5 L ()T, (c-p) T, (nlvm)

F(i+n)1‘(—v'+,u'+ﬂ+n)F(—v—v'—,u+77+/1+n) X"
C(A+p+n)0(—v=-V+n+A+n)[(-v'- y+77+/1+n)n'

(44.1)

Theorem-2

For wv,v', s, 1", A4, p,1,m,c e C With
Re(4)<1+min{Re(-x),Re(v+v'=77),Re(v+u'=1)},
Re(r7)>0,Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0 and k~o0,pcr:

we have the following Marichev-Saigo-Maeda right fractional integral,

[Ivv 7NN 77|:tﬂ, lEkaO'mc (:tL’ pJ:|]( —V V'+n+A- ZOO: p+n6k Cc— p p) (C+nO'k)

= D(p)Ti(c—p) Ti(nl+m)

C(—p—=A+n+D)C(V+V'—n—A+n+)C(V+pu'—n- ﬂ,+n+1)( j
C(-A+n+)T(V—pu—A+n+)T(V+V'+pu'=n—2+n+1) n!

...(44.2)
Marichev-Saigo-Maeda Fractional Derivative Of The Function E/\7" (t; p)

The two fractional derivative image formulae for the extended k-generalized Mittag-
Leffler function are obtained here by applying the left and right Marichev-Saigo-Maeda
fractional derivative operators in view of (4.2.12) and (4.2.13). These formulae are

given in the following Theorem-3 and Theorem-4 as below:

Theorem-3

FOr v,v', i1, 11", & 4,1, m, p,c < C with Re(4)>max{0,Re(-v-v'- u'+&),Re(u-v)}
,Re(¢£)>0,Re(1)>0,Re(m)>0,Re(p)>0,Re(c)>0 and k>0,p c Ry,
oe(01)UN,

we have the Marichev-Saigo-Maeda left fractional derivative,

i T erd e poie I p+nakc p;p) T (c+nok) x"
(o [t ) o = g A

1“(/1+n)1“(v—y+i+n)l"(v+v'+/,z'—§+/1+n)

C(—p+A+MC(V+V'=E+A+M(V+p'=E+A+n) - (443)
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Theorem-4

For v,v', u, 1", & A 1,m, p,ceC, O'E(O,l)UN
Re(2)<1+min{Re(u'),Re(—v-v'+&),Re(—v'- u+&)},
Re(£)>0,Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0 and k~o0,pcr:

we have the Marichev-Saigo-Maeda right fractional derivative,
DvV S t/l lEkaO'mc [l’ pj (X) — Xv+v'—§+/1 i p+ nUk C— 10 p) r (C+ no—k)( j -
t = T.(p)T(c=p) T (nl+m) n!

C(p'=2+n+)C(—v—v'+&-A+n+1)T(—v'— u+E-A+n+1)
C(=A+n+)0(—v+ u'-A+n+1)(-v—v'—p+&—-A+n+1)

...(4.4.4)

Caputo-Type Marichev-Saigo-Maeda Fractional Derivative of the Function
B (tp)

In the next two Theorem-5 and Theorem-6, two fractional derivatives of the
extended k-generalized Mittag-Leffler function are established by applying left and

right sided Caputo-type Marichev-Saigo-Maeda fractional derivatives operators
defined in (4.2.26) and (4.2.27). The Theorem-5 and Theorem-6 are given as below:

Theorem-5

For v,v', i, i1, &, A1,m, p,ceC, o0€(0,1)UN,
Re(4)-b>max{0,Re(-v—v'- '+ &),Re(u~V)}, b=[Re(&)]+1,
Re(£)>0,Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0 and k >0,p < Ry,

then we have the left Caputo-type Marichev-Saigo-Maeda fractional derivative as

follows.

i [ - > k,c—p;p) T, (c+nak)x
CDV,V & tl 1Ep,o-,c t: VAV —E+ A p+n0' p
( " [ &) p)]) 0= Z (p)T (c=p) T (nl+m) n!

n=0

F(/1+n)1“(v—,u+/1—b+n)l“(v+v'+y'—§+/1—b+n)

[(—u+A-b+n)T(v+Vv'=&E+A+n)T(V+u'—=E+A—-b+n) -+ (44.5)
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Theorem-6

For v,v', 1, & A1,m pceC, o€(01)UN,
Re(A)+b>max{-Re(u'),Re(v'+u—¢&),Re(v,v'=&)+b},
b=[Re(&)]+1,Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0and k=o0pecr;

then we have the right Caputo-type Marichev-Saigo-Maeda fractional derivative as
follows:
vVt | A EPE (} p] v AZB  (p+nok,c—p;p) T, (c+nok)( ]
- hm ¢ L (p)T(c=p) T,(nl+m)\x) n!

I(g'+A+b+n)I(—v—v'+&+A+n)T(~v'—p+E+A+b+n)
L(A+n)T(~v+pu+A+b+n)I(-v—v'—pu+&E-A+b+n)

...(4.4.6)

OUTLINE OF PROOEFS
Proof of Thorem-1

To prove the Theorem-1, let the left hand side of (4.4.1) is denoted by A, , i.e.

= (13 [EPELGE (6 ) ]) (%)

Now on using the definition given in (4.2.41) and then on arranging the order of

summation and integration we have

5, =3 Blptnok e pip)(O),,,
' o B, (p.c—p)T, (nl+m) n!

( | (\)/J,rv',y,;z',ntim—l ) ( X)

Now on applying the formulae (4.2.20), we get

A Z B, (p+nok,c-p;p)(c),,,
-~ (p.c=p)T (nl+m) n!

C(A+n)C(-v4 g+ A+n)T(-v—V'=p+n+A+n)
C(A+u+n)D(—v=V+n+A+n)[(—V'-=pu+n+21+n)

—V=V'+n+A+n-1

On using (4.2.35) and (4.2.39), we at once arrive at the desired result in (4.4.1). This
completes the proof of Theorem-1.
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Proof of Theorem-2

To prove the Theorem-2, let the left hand side of (4.4.2) is denoted by 4, i.e.

A, = (,Vv s [tﬂ = (i DJD(X)

Now on using the definition given in (4.2.41) and then on arranging the order of

summation and integration we have

© Bk (p+ nO'k,C_p;p)(C)ncr,k

A=)

= B (p.c—p)(nl+m)n!

( I l/,v',y,y',zytl—n—l ) ( X)

Now on applying the formulae (4.2.21), we get

= B, (p+nok,c-pip)(c), , T(—u—A+n+1)
B = nz‘ B, (p.c—p)T(nl+m)n! F£i+n+1)

C(V+v'—n—A+n+1)[(V+pu'—n—A+n+1)
C(V—p—A+n+)C(V+V'+ u'-n—A+n+1)

A-n—-v-v'+n-1
X n

On using (4.2.35) and (4.2.39), we at once arrive at the desired result in (4.4.2). This

completes the proof of Theorem-2.

Proof of Theorem-3

To prove the Theorem-3, let the left hand side of (4.4.3) is denoted by A,, then

A, =Dy [ BT (6 ) ]) (%)

Now on using the definition (4.2.41) and applying the left Marichev-Saigo-Maeda
fractional derivative and on changing the order of differentiation and summation, we
have

A, = Zw:B « (p+nok,c—p;p)(c )nak(

DVV 28 ét/h—n—l
= B.(p.c—p)T (nl+m)n! 0+ )(X)

On applying the formulae (4.2.22), it takes the following form

r-32 «(p+nok,c-pip)(c),,,
* & B(p,c—p)l(nl+m)n!

C(A+n)C(V+v+p'—=E+A+n)T(V—pu+A+n)
C(—p+A+n)T(V+V'=E+A+M(V+pu'-E+240)

V+V'=E+A+n-1

On using (4.2.35) and (4.2.39), we at once arrive at the desired result in (4.4.3). This
completes the proof of Theorem-3.
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Proof of Theorem-4

To prove the Theorem-4, let the left hand side of (4.4.4) is denoted by 4, i.e.,

s~{or e 3o

Now on using the definition (4.2.41) and applying the right Marichev-Saigo-Maeda
fractional derivative and on changing the order of differentiation and summation, we
get

A in (p+nok,c-pip)(c),.
" & B(p.c—p)T(nl+m)

(va Ny §t/1 n l)(X)

On applying the formulae (4.2.23), it takes the following form

A —iB (p+nok,c—pip)(c),,, T(4'-A+n+1)
*T & B (pc—p)T(nl+m)n! T(=2+n+1)

[(—v—Vv+&E—A+n+)T(—v'—p+E—-A+n+1)
C(—Vv4p'=A+n+)(—v-V'—u+&E-A+n+1)

A-n+v+v'=£-1

On using (4.2.35) and (4.2.39), we at once arrive at the desired result in (4.4.4). This

completes the proof of Theorem-4

Proof of Theorem-5

To prove the Theorem-4, let the left hand side of (4.4.5) is denoted by A; i.e.

A =Dy [PEL (6 9) ])(%)

Now using the definition (4.2.41) and on changing the order of differentiation and

summation, we have

\ Z B, (p+nok,c-pip)(c),,,
> = B (pc-p)T, (nl+m)

(Cva e ;t/lm 1)(X)

On using the formulae (4.2.28), it can be written as

A i «(p+nok,c-pip)(c),
> & B(p.c—p)l(nl+m)

C(A+nMT(v—p+A-b+n)C(v+Vv+u'-E+A-b+n) R
C(—p+A=b+n)C(V+V'=E+A+M(V+pu'-E+A—b+n)
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Now in view of (4.2.35) and (4.2.39), we at once get the required result in (4.4.5). This

completes the proof of Theorem-5

Proof of Theorem-6

To prove the Theorem-6, let the left hand side of (4.4.6) is denoted by A; i.e.,

A :[CDX'V"”“"‘E {t“ EZe G ij(x)

Now using the definition (4.2.41) and on changing the order of differentiation and
summation, we get

& B (p+nok,c-pip)(c),,,
AG_HZ:;; B (p.c—p)L, (nl+m) (

C Dv,v',,u,,u',/;t—(ﬂ+n) ) ( X)

On using the formulae (4.2.29) it can be written as

a3 B (p+nak,c-p;p)(C),,.
- B.(p.c—p)T (nl+m) n!

C(u'+A+b+n)D(—v-Vv+&+A+n)T(-v'—u+E+A+b+n)
C(A+n)C(-v+ g+ A+b+n)I(-v-v'-=u+&E-A+b+n)

V+V'=&—A-n

Now in view of (4.2.35) and (4.2.39), we at once get the required result (4.4.6). This
completes the proof of Theorem-6.

4.5 APPLICATIONS

As application of the main results, the corresponding formulae for Saigo
operators, Erdelyi-Kober operators and Riemann-Liouville operators are obtained and
given as following corollaries.

(i)  Application of the results (4.4.1) and (4.2.2); we obtain the following fractional
integral formulae for Saigo fractional integral operator.

Corollary-1
For v, z2,t,1,m,c, p, A,ax € C, Re(v)>0,Re(m)>0,Re(p)>0,

o€(0,1)UN;k>0,peR;with Re(4)>max{0,Re(u-a)},

we have the following left fractional integral formula.
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B, (o +nok,c—p;p) I', (c+nok)

(Iua[tl lEkplamc(t p ]) =X lz k( ) ( ) k(nl+m)

n=0

L(A+n)(—p+a+i+n) x"
[(—u+A+n)T(V+a+A+n)n!

..(45.1)

Proof of (4.5.1)
The result (4.5.1) is easily established following similar lines as in the proof of
result in (4.4.1) in view of (4.2.9).

Corollary-2
For V, i, a, A,l,m, p,c € C,

Re(1)>0,Re(m)>0,Re(p)>0,Re(c)>0,Re(v)>0, o (0,1)UN
Re(1)<1+min{Re(x),Re(a)} k >0,p e Ry,
we have the following right fractional integral formula

Vi we1 NN «(p+nok,c—p;p) T, (c+nok)
|/4 tilEpm[,j}] P+
( { cam | g+ P ; [ (p)T(c—p) T, (nl+m)

F(a—A+n+1)I(u—A+n+1) (1]” 1
C(-A+n+1)TC(v+u+a—-2+n+1)\ x

...(45.2)

Proof of (4.5.2)

The result (4.5.2) is easily established following similar lines as in the proof of
(4.4.2) in view of (4.2.10).

The results (4.5.1) and (4.5.2) in turn at , =0 provide the following fractional
integrals related to Erdelyi-Kober operators defined in (4.2.16) and (4.2.17):

Corollary-3
For v, z,t,1,m,c, p, A, €C, Re(l)>0,Re(m)>0,

Re(p)>0,Re(c)>0,Re(v)>0, o€(0,1)UN;peRyand k>0
Re(4)>-Re(a),
we have the following left fractional integral formula.
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e poic X“°° B, ( p+nakc p;p) T (c+nok)
( [t Eklm( ]) nz;‘ )Fk(c_p) k(n|+m)

I'(a+A+n) X"
[(Vv+a+A+n)n!

...(4.5.3)
Corollary-4
For V,a, A,1,m, p,c € C, Re(l)>0,Re(m)>0,Re(p)>0,Re(v)>0,

oe(01)UN Re(1)<1+Re(a) k>0,pe Ry

we have the following right fractional integral formula.

s »

_ HiBk(p+no-k,c—p;p)rk(c+no-k) I'(a—A+n+1) (ljni
= T(p)T(c—p) Ty(nl+m) I'(a+v-A+n+1){x) n!

..(4.5.4)

At p=-Vv the result (4.5.1) and (4.5.2) reduce to the Riemann-Liouville

fractional integral of extended k-generalized Mittag-Leffler function. These are
given as below in Corollary-5 and Corollary-6.
Corollary-5

For t,v,A,c,I,m, peC, Re(l)>0,Re(m)>0,
Re(p)>0,Re(c)>0,Re(v)>0, o€(0,1)UN; pe Ry and k>0 Re(4)>0
we have the following left fractional integral formula.

(1. [ BT (6P ])(x)

Mli «(p+nok,c—p;p) T (c+nok) T(A+n)
= T.(p)(c—p) T (nl+m) T(v+i+n)

X 455
n!

Corollary-6
For v, 4,I,m, p,ceC,

Re(1)>0,Re(m)>0,Re(p)>0,Re(c)>0,Re(v)>0, Re(v)<1-Re(4)

k >0,p e Ry, 0€(0,1)UN, we have the following right fractional

integral formula.
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(s

B v+“°° «(p+nok,c—p;p) T (C+nok) T(-v-—A+n+1)(1Y" 1
= nz;‘ I (p)T(c=p) T (nl+m) T (-2+n+1) ( j n!

P

...(4.5.6)

(i)  Application of results (4.4.3) and (4.4.4): we obtain the following fractional
derivative formulae for Saigo differential operator:
Corollary-7

For v, z,a, A,1,m, p,ce C, 0 €(0,1)UN,
Re(4)>-min{0,Re(v+u+a)},Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0
and k>0,pe R, ,

we have the following left fractional formula.

(Dy [ L (6 p) ]) (%) = x 1i p+n‘7k ¢ pip) I (¢ +nok) X°

kIm 0 I (c—p) T,(nl+m) nt
F(/1+n)l“(v+y+a+/1+n)
F(a+ﬂ+n)r(ﬂ+l+n) ...(4.5.7)

Proof of (4.5.7)
The result (4.5.7) is easily established following similar lines as in the proof of
result (4.4.3) in view of (4.2.14).

Corollary-8

For V, s,at, A, 1,m, p,ceC, 5 €(0,1)UN,
Re(4)<1+min{Re(-x)-b, Re(v+a)},b:[Re(v)]+1,
Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0and k>0,p € Ry,

we have the following right fractional formula.

v Foddee proc w1 B (p+nok,c—p;p) T (c+nok)
(D[t EL e (6 p) ]) () =x Z{; p(p)r = i)p = (n|+m)n|(xj

[(—u—A+1+n)I(v+a—A+1+n)
[(-A+1+n)T(—u+a—A+1+n)

...(4.5.8)
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Proof of (4.5.8)
The result (4.5.8) is easily established following similar lines as in the proof of
result (4.4.4) in view of (4.2.15).

The results (4.5.7) and (4.5.8) in turn at ;=0 provides the following fractional

derivatives related to Erdelyi-Kober operator defined in (4.2.18) and (4.2.19):

Corollary-9

For a,v,A,1,m, p,ceC, oe(0,1)UN, Re(4)>-Re(a+v),
Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0 and k>0, P € Ry,
we have following left fractional formula.

(D2 [VELE (1 0) ])(%)

_Xl_liBk(p+nak,c—p;p)Fk(c+nak)x_"1"(a+v+ﬂ,+n)
7 & T (p)Ti(c-p) T (nl+m) n! T(a+2+n)

...(45.9)
Corollary-10

For a,v,A,1,m, p,ceC, 0 €(0,1)UN, R(v)>0,
Re(1)<Re(a+v)-[Re(v)], Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0 and
k>0,peR;,

we have the following right fractional formula.

(D;,V [tl‘lEé’,iT’ﬁ G p)D(X)

= B, (p+nok,c—p;p) T, (c+nok) (1)” I(a+v—-A+1+n)

OB RN G ) mie) T i)

X
...(4.5.10)
At pu=-v the result (4.5.7) and (4.5.8) reduce to the Riemann-Liouville

fractional derivative of extended k-generalized Mittag-Leffler function. These are
given as below in Corollary-11 and Corollary-12.
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Corollary-11

For v, A,1,m, p,ceC, 0€(0,1)UN, Re(v)>0,Re(1)>0,
Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0and k>0,p € Ry,
we have the following left fractional formula.

(D5, [t L7 (5 9) ) (%)

_XM1iBk(p+nak,c—p;p)Fk(c+nak)x_“ I(A+n)
- = T (p)Te(c—p) T (n+m) nIT(~v+A+n)

...(4.5.11)
Corollary-12

For v,A,1,m, p,ceC, o€(0,1)UN,
Re(1)>0,Re(m)>0,Re(p)>0,Re(c)>0,Re(v)>0,
Re(1)< Re(v)—[Re(v)] and k>0,p e RY,

we have the following right fractional formulae.

[DY [t“lEé’,ii‘nf G D]D(X)

_X_W_li B, (p+nok,c—p;p) I' (c+nok) [i)" I(v—2+1+n)
B L (p)Ti(c—p) T (nl+m)nt{x) [(-2+1+n)

n=0

...(45.12)

(iii) Application of results (4.4.5) and (4.4.6) : we obtain certain known fractional

derivatives. If in results (4.4.5) and (4.4.6) we take o =1and k =1, then in view

of the definition of Fox-wright function [92], these reduce to the known results
due to Araci et al [3, p.9, eg. (36); p.10, eq. (37)].
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SECTION-B
4.6  Recently Jain et al. [45] studied extended k-generalized Mittag-Leffler function

Elfifr;C(X; p) and Bin-Saad and Younis [5] introduced and studied a new extended

Mittag-Leffler type function of arbitrary order E” Gl 7( ; p) . To unify the above related

Mittag-Leffler functions we considered here the extended k-generalized Mittag-Leffler

type function of arbitrary order E/}," b y( ; p). In this section we have established six

theorems on fractional integral and derivatives formulae for this extended k-
generalized Mittag-Leffler type function of arbitrary order.

As applications, our main theorems established in this section fractional integral and
differential formulae related to Riemann-Liouville, Erdelyi-Kober and Saigo fractional
operators are obtained. This extended k-generalized Mittag-Leffler type function is
reducible in to four parameter Mittag-Leffler function therefore the certain known

fractional differentiation and integration formulae are shown to be derived.

47 THE MITTAG-LEFFLER TYPE FUNCTIONS OF

ARBITRARY ORDER
To unify the j-pseudo-hyperbolic, j-pseudo trigonometric and A -hyperbolic
function, Pathan and Bin-Saad [75] introduced and studied the following Mittag-Leffler

type function of arbitrary order (see also [91]):

nj+k

: > z
£l (2)=3

=T (arv(ni+k)) 470
where j>1,k>0,v,x,zeC;Re(v)>0,Re(x)>0.

A new extended Mittag-Leffler type function of arbitrary order is studied by Bin-Saad
and Younis [5] . It is represented and defined as follows [5, p.5, eq. (24)]:

e Blptncp))
Ep,ch 7 - A
a,p ) nznlB p,c p) (ﬁ+a(nj+7/)) (472)
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Where a, f,7,€€C,

Re(a)>0,Re(B)>0, Re(y)>0, Re(c)>0;j>=1k>0, peR; and B(X,y;p)isan

extension of Beta function defined in [9] as follows:

1 __pP
B(X,y; p):jtx‘l (1-t) e “dt
0 ..(473)

Re(x)>0,Re(y)>0,Re(p)>0and B(x,y;0)=B(x,Y) inthe familiar beta function

(see [95]). It is clear that at k =1, extended k-Beta function defined in (4.2.36)
coincide with eq. (4.7.3).

To unify the Mittag-Leffler function and all the related functions, we consider here the
following k-generalized Mittag-Leffler type function of arbitrary order. It is
represented and defined as follows.

Ep,G:C;j,}’ (X, p) _ i Bk (,0+n0k’c_p; p) (C)na,k an+y

m _ ...(47.4
Kl n=0 B, (,O,C—P) Fk(m+|(nj+7/)) | )

k>0;x,1,m,peC,Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0; j=Ly>0,peR;

where extended k -Beta function B, (1,m; p)is defined in (4.2.36).

4.8 MAIN THEOREMS

Marichev-Saigo-Maeda Fractional Integrals of the Function E/%%17 (t; p)

k,I,m
Two fractional integrals of the generalized k- extended Mittag-Leffler type
function are established here by applying left and right sided Marichev-Saigo-Maeda
fractional integral operators defined in (4.2.5) and (4.2.6). These image formulae are
given in Theorem-1 and Theorem-2 as below.

Theorem-1

For V,V', 1, 1", 17, A, t,1,m,c € C with

Re(4)>max{0,Re(v+Vv'+ —1),Re(v'= ')} >0,
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Re(77)>0,Re(c) >0k >0,Re(l)>0,Re(m)>0,Re(p)>0, o€(0,1)UN;peRy,

and j>1,>0,

we have the following Marichev-Saigo-Maeda left fractional integral,

= B, nok,c— I', (c+nok
(|VV LT [ti 1Ekplcmc I 7(t p)])( o V'+n+A+y lzo (kp+) o P, p) (m(+:_ }/i n)J )
n=| k

[(A+y+n)D(—v g+ Ay +i)T(—v=v— g+ 2+y+nj) (¥')
C(A+p+y+n)T(—v-VvH+n+A+y+n)T(-v'—u+n+A+y+nj) n!

..(4.8.1)

Theorem-2

For V,V',u, '\, A, p,I,m,c e C with
Re(4)<1+min{Re(-x),Re(v+v'-7),Re(v+u'-n)},
Re(r7)>0,Re(1)>0,Re(m)>0,Re(p)>0,Re(c)>0 and k >0,p e Ry and
j=1y=0,

we have the following Marichev-Saigo-Maeda right fractional integral,

m t Ml

= L(p)T(c-p) Fk(m+l(7/+nj))

C(—p=A+y+nj+1)T(V+V'—n—A+y+nj+1)(V+pu'—n—A+y+nj+1) (X*")n
C(-A+y+nj+)C(V—pu—A+y+nj+)I(V+Vv'+pu'—n—A+y+nj+l)  n!

...(48.2)

Marichev-Saigo-Maeda Fractional Derivative of the Function E/;7%07 (t; p)

The two fractional derivative image formulae for the generalized k- extended Mittag-
Leffler type function are obtained here by applying the left and right Marichev-Saigo-
Maeda fractional derivative operators in view of (4.2.12) and (4.2.13). These formulae

are given in the following Theorem-3 and Theorem-4 as below.
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Theorem-3

For V,V', i, ', &, 2,1, m, p,c € C with
Re(4)>max{0,Re(-v—v'-u'+&),Re(u-V)},
Re(£)>0,Re(1)>0,Re(m)>0,Re(p)>0,Re(c)>0 and k>0, p € Ry,

oe(01)UN,and j=>1,5 >0, we have the left Marichev-Saigo-Maeda left

fractional derivative.

g oA oG iy (s v « (p+nok,c— pp) I, (c+nok)
R B ) Y N Gy (T

(xj)” C(A+y+n)D(V—p+A+y+n)C(V+V+pu'=E+A+y+nj)
Nt T(—p+A+y+n)D(V+v'=E+A+y+n)T(V+u'=&+A+y+nj)

..(4.8.3)
Theorem-4

For V,V', e, ', &, A,1,m, p,ceC, o0€(01)UN
Re(2)<1+min{Re(u'),Re(—v-v'+&),Re(—v'- u+&)},
Re(£)>0,Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0 and k >0, p e Ry and
j=1y=0,

we have the Marichev-Saigo-Maeda right fractional derivative,

m t’

= Fk (P)Tc(c=p) T (m+1(y+nj))

(X_j)n C(u'=2A+y+nj+)T(-v-v+&—A+y+nj+ ) (—v'—p+E-A+y+nj+1)
Nl T(-A+y+nj+)C(-v+pu'—A+y+n+ ) (-v-v'—pu+E-A+y+nj+1)

...(4.8.9)

Caputo-Type Marichev-Saigo-Maeda Fractional Derivative of the Function
Elflo-mc b (t’ p)
In the next two Theorem-5 and Theorem-6 the two fractional derivatives of the

generalized k- extended Mittag-Leffler type function are established by applying left
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and right sided Caputo-type Marichev-Saigo-Maeda fractional derivatives operators
defined in (4.2.26) and (4.2.27). The Theorem-5 and Theorem-6 are given as below.

Theorem-5
For v,V g, 12", &, A,1,m, p,ceC, 5e(0,1)UN,
Re(A+7)—-b>max{0,Re(-v—v'—u'+&),Re(u-V)}, b=[Re(&)]+1,

Re(£)>0,Re(1)>0,Re(m)>0,Re(p)>0,Re(c)>0 and k>0, p € Ry , and
j=1,y>0,

we have the left Caputo-type Marichev-Saigo-Maeda fractional derivative as follows.

e = B (p—l—nak c—p; p) r (C-I-nO'k)
CDv,v,,u,,u,g A= lEpa'Cj}/ v+v —E+A+y-1
( bR (e p)]) nz-;‘ (p)T (c m+1(y+nj))

k

(xj)" C(A+y+n)C(v—p+A=b+y+n)I(V+V+u'=E+A—-b+y+nj)
N T(—p+A-b+y+n)T(V+Vv'=E+A+y+nj)T(V+u'-E+A-b+y+nj)

...(4.8.5)
Theorem-6
For v,v', a, 2", &, 2,1, m, p,ceC, o €(0,1)UN,
Re(A+y)+b>max{-Re(u'),Re(v'+ u—&),Re(v+v'=&)+b},
b=[Re(&)]+1Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0and k >0,p e Ry

and j>1, >0 we have the right Caputo-type Marichev-Saigo-Maeda fractional

derivative as follows:

(CDV,V',#-H',§|: lElflaijy( j:|j(x) XV+V A i p+n0k C— ol p) I (C+n0'k)

= L(p)Ti(c—p) T (m+1(y+nj))

(x’j)rl C(u+A+b+y+n))I(-v-v+&+A+y+n)T(—V'—pu+E+A+b+y+nj)
Nt T(A+y+n)T(~v+ g+ A+b+y+n))L(-v—v'—pu+E+A+b+y+nj)

...(4.8.6)
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OUTLINE OF PROOFS
Proof of (4.8.1)

Let the left hand side of (4.8.1) is denoted by A, , i.e.
(g2 [ EL T (6 ) ]) (%)

Now on using the definition given in (4.7.4) and then on arranging the order of
summation and integration we have
B, (p+nok,c—pip)(c),,,

A=Y
b B, (p.c—p)T (m+1(y+nj)) n
Now on applying the formulae (4.2.20), we get

& B(p+noke-pip)(c),,
Al_nZ(;B (p.c—p)T (m+1(y+nj)) n

Vg Ay +nj-1
| ( A ) (x)

C(A+y+n)T(~v+p'+A+y+n)T(-v—v'— u+n7+A+y+nj)
C(u+A+y+n)D(—v=v4n+A+y+nj)L(-v'—p+n+A+y+nj)

—V=V'+17+A+nj+y-1
X n J+y

On using (4.2.35) and (4.2.39), we at once arrive at the desired result (4.8.1).

Proof of (4.8.2)
Let the left hand side of (4.8.2) is denoted by A,, i.e.

el 1]

Now on using the definition given in (4.7.4) and then on arranging the order of

~—~+

summation and integration we have

= B (p+nok,c-p;p)(c) | .
A no, Iv,V,y,ﬂ,qt y-nj-1
. nz;' (p.c— P)Fk(m+|(7+nj))n!( - )(X)

Now on applying the formulae (4.2.21), we get

A _Zw: B.(p+nok,c=pip)(c), T(-p—A+y+nj+1)
* &B(pc-p)T (m+1(y+ni))nt T(-A+y+nj+1)

C(V+V'=n—A+y+nj+1)[(V+u'—n—A+y+nj+1)

A—y—-nj—v-v'+n-1
X y=n) n

C(V—pu—=A+y+nj+1)T(V+V'+ u'—n—A+y+nj+1)

On using (4.2.35) and (4.2.39), we at once arrive at the desired result (4.8.2).
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Proof of (4.8.3)
Let the left hand side of (4.8.3) is denoted by A;, i.e.
= (D [P EL T (6 p) ) ()
Now on using the definition (4.7.4) and applying the left Marichev-Saigo-Maeda left

fractional derivative and on changing the order of differentiation and summation, we

have

& B(p+nokc-pip)(c),,
A3‘%&(/),0 p)Fk(m+'(7+nJ))n(

D(\)/+v A ft/1+nj+;/ 1)(X)

On applying the formulae (4.2.22), it takes the following form

& B(pnok.c-pip)(c),
AS_nZ;‘B (p,C=p)T(m+1(y+nj))n!

C(A+y+n)D(V+V+p'—=E+A+y+nj)T(V—pu+A+y+nj)
C(—p+A+y+n)T(V+V'=E+A+y+nj)T(V+pu'=E+ A+y+nj)

V+V'=E+A+nj+y-1

On using (4.2.35) and (4.2.39), we at once arrive at the desired result (4.8.3).

Proof of (4.8.4)
Let the left hand side of (4.8.4) is denoted by A, i.e.,

su=(oreed ez (Lo o

Now on using the definition (4.7.4) and applying the right Marichev-Saigo-Maeda
fractional derivative and on changing the order of differentiation and summation, we
get
A=Y B, (p+nok,c-pip)(c),,.
t =ZB(p.c-p)T (M+1(y+nj))

( Di/,v‘,y,u‘,étﬁ—nj—y—l ) ( X)

On applying the formulae (4.2.23), it takes the following form
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A _Zw: B, (p+nok,c-p;p)(c), T(u=A+y+nj+l)
“&B(p.c-p)T (m+l(y+nj))n! T(-A+y+nj+1)

D(—v-v+&=—A+y+nj+1)T(—v'-u+&—-A+y+nj+1) y ARV
L(—v =2+ y+nj+ 1T (<= p+&—A+y+nj+1)

On using (4.2.35) and (4.2.39), we at once arrive at the desired result (4.8.4).

Proof of (4.8.5)
Let the left hand side of (4.8.5) is denoted by A; i.e.
= (eDge < e B (6p)]) ()
Now using the definition (4.7.4) and on changing the order of differentiation and

summation, we have

ASZ

B, (p+nok,c—p;p)(c )m’k (

. DV+V N7 §t1+y+nj X
3B, (p.c—p)T (m+1(y+nj))* )()

On using the formulae (4.2.28), it can be written as

& B(p+nokc-pip)(c),,
As_gBk(pc PIT(m+1(y+1i))

C(A+y+nj)T(v—pu+A-b+y+nj)
D(—p+A=b+y+nj)L(V+v'=&E+A+y+nj)

C(V+V'+u'-E+A-b+y+nj)
C(v+pu'—E+A-b+y+nj)

A+y+nj+v+v'=£-1

On using (4.2.35) and (4.2.39), we at once get the required result (4.8.5)

Proof of (4.8.6)
Let the left hand side of (4.8.6) is denoted by A i.e.,

N

Now using the definition (4.7.4) and on changing the order of differentiation and

summation, we get
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& B(p+nok.c-pip)(c),
Ae_;Bk(p’C p)F (m+|(7+nj))

( c DX,v',u,u:ét—(MW) )(x)

On using the formulae (4.2.29) it can be written as

& B(ptnoke-pp)(c),,
Aﬁ_nZ;Bk(,o,C p)T (m+1(y+nj))

D(u+A+b+y+nj)L(—v—v+&E+A+y+nj)
D(A+y+n)D(-v+u'+A+b+y+nj)

D(-v'-p+&E+A+b+y+nj)
L(-V—V'—pu+&+A+b+y+nj)

VAV =E—A-nj-y

On using (4.2.35) and (4.2.39), we at once get the required result (4.8.6).

4.9 APPLICATIONS

As application of the main results the corresponding formulae for Saigo
operators, Erdelyi-Kober operators and Riemann-Liouville operators are obtained and
given as following corollaries.

(i)  Application of the results (4.8.1) and (4.8.2): we obtain the following fractional

integral formulae for Saigo fractional integral operator.

Corollary-1

For v, z,t,1,m,c, p, A, «C ,Re(v)>0,Re(m)>0,Re(p)>0,

o €(0,1)UN;k >0,peR;with Re(4)>max{0,Re(u-a)},and j>1,5 >0,
we have the following left fractional integral formula.

(|(\)/,+ﬂ a [t/l 1E€|amc i, 7 )]) _ yHrAr- 15“ p+ nl‘jk(s P1)p)
n=0 —p

I (c+nok)  T(A+y+n)I(-u+a+Ai+y+nj) (Xj)n
T (m+1(y+nj)) T(—u+A+y+nj)T(V+a+A+y+nj) n!

..(4.9.1)
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Proof of (4.9.1)
The result (4.9.1) is easily established following similar lines as in the proof of
result (4.8.1) in view of (4.2.9).

Corollary-2

For v, u,, 2,1, m, p,c € C,

Re(1)>0,Re(m)>0,Re(p)>0,Re(c)>0,Re(v)>0, o (0,1)UN

Re(4)<1+min{Re(u),Re(a)} k=opers and j=1,5>0,

we have the following right fractional integral formula.

= r(/0) (C p)

', (c+nok) C(a—A+y+nj+1)(p—A+y+nj+1) (X’j)n
T (m+1(y+nj)) T(=A+y+nj+)T(V+u+a—-A+y+nj+1) n!

...(4.9.2)
Proof of (4.9.2)
The result (4.9.2) is easily established following similar lines as in the proof of
result (4.8.2) in view of (4.2.10).

The results in (4.9.1) and (4.9.2) inturn at ;=0 provide the following fractional

integrals related to Erdelyi-Kober operators defined in (4.2.16) and (4.2.17):
Corollary-3

For V,z,t,1,m,c, p, A, C, Re(l)>0,Re(m)>0,
Re(p)>0,Re(c)>0,Re(v)>0, o€(0,1)UN;peRyand k>0,
Re(1)>-Re(a),and j=1,5 >0,

we have the following left fractional integral formula.

(|+ [t’l lEffmC”(t? p):l)(x)

lez «(p+nok,c— p,p) Iy (c+nok)  T(a+A+y+nj) (Xj)n
- L (p)T(c—p) Fk(m+l 7/+nj)) (V+a+A+y+nj) n!

...(4.9.3)
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Corollary-4
For v,a, 4,1,m, p,ceC Re(l)>0,Re(m)>0,Re(p)>0,Re(v)>0,

oe(01)UN Re(1)<1+Re(a) k >0,peRy,and j =1, =0,

we have the following right fractional integral formula.

([ (9] o

Mlin p+nok,c— pp) I (c+nok) T(a—A+y+nj+l) (X’j)n
= L(p)Ti(c-p) Fk(m+l 7+nj)) (a+v—A+y+nj+1) n!

...(4.9.9)

At p=-Vv the result (4.9.1) and (4.9.2) reduce to the Riemann-Liouville

fractional integral of extended k-generalized Mittag-Leffler type function. These
are given as below in Corollary-5 and Corollary-6.

Corollary-5
For t,v,4.cl,m pecC, Re(l)>0,Re(m)>0, Re(p)>0,Re(c)>0,Re(v)>0
,0€(01)UN; pe Ry and k>0Re(2)>0,and j =1, =0,

we have the following left fractional integral formulae

(13, [V BT (6 9) ]) (%)

VA 12 « (p+nok,c— pp) I, (c+nok) I(A+y+nj) (Xj)n
T (p)T(c—p) T (m+I(y+nj))T(v+A+y+nj) n!

...(4.9.5)
Corollary-6

Forv, ,1,m, p,c e C,Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0,Re(v)>0,
oe(0,1)UN Re(v)<1-Re(1), k >0,pe Ry and j>1,>0,we
have the following right fractional integral formula.

(e (o

wuin p+nok,c— ,Op) I (c+nok) 1“(—v—/1+;/+nj+1)(X’j)n
= T.(p)T (c—p) T, (m+I(y+nj)) T(-A+y+nj+1) n!

...(4.9.6)
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Application of results (4.8.3) and (4.8.4): we obtain the following fractional
derivative formulae for Saigo differential operator:

Corollary-7
For v, u,, A,1,m, p,ceC, o €(0,1)UN, Re(1)>-min{0,Re(v+u+a)},
Re(l)>0, Re(m)>0,Re(p)>0,Re(c)>0and k>0, p € Ry, and

j=1,7=0,

we have the following left fractional formula.

voa [ A1 pooic, |, A+ 2 +nUkC p,p) r (C+n0’k)
o5 e - Bk ) Tcang)

(Xj)n C(A+y+n)C(V+u+a+A+y+nj)
' T(a+A+y+n)T(u+A+y+nj)

(497

Proof of (4.9.7)
The result (4.9.7) is easily established following similar lines as in the proof of
result (4.8.3) in view of (4.2.14).

Corollary-8

For v, z,a, A,1,m, p,ceC, 0 €(0,1)UN,
Re(A—y)<l+min{Re(-u)-b, Re(v+a)},b=[Re(v)]+1,
Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0 and k >0, p e R} and

j=1L,y=0,

we have the following right fractional formula.

Ve oic, + ,0+nO'kC ye 8, F Cc+nok
(D # [V lEfm Jy(t p)]) =X “z (C p )1- (m(+| ;/+n)1))
k

(X*j)n [(—u—A+1+y+n)C(v+a—A+1+y+nj)
n!' T(-A+1+y+nj)I(—u+a—-A+1+y+nj)

...(4.9.8)

Proof of (4.9.8)
The result (4.9.8) is easily established following similar lines as in the proof result
(4.8.4) in view of (4.2.15).
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The results (4.9.7) and (4.9.8) in turn at ,, =0 provides the following fractional

derivatives related to Erdelyi-Kober operator defined in (4.2.18) and (4.2.19):
Corollary-9

For a,v,4,1,m, p,ceC,o€(0,1)UN,Re(1)>-Re(p+v),Re(l)>0,
Re(m)>0, Re(p)>0,Re(c)>0and k>0,p € Ry and j>1,y >0,
we have following left fractional formula.

(D2, [t ELT (6 0) ])(x)

lez «(p+nok,c— pp) I, (c+nok) F(a+v+ﬂ+y+nj)(xj)n
B T, (p)T(c—p) T, (m+1(y+nj)) TC(a+i+y+nj) nl

...(4.9.9)

Corollary-10
For a,v,A,1,m, p,ceC, 0 €(0,1)UN, R(v)>0,
Re(41-y)<Re(a+v)-[Re(v)], Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0

and k>0,p € R, and j>1,» > 0,we have the following right fractional

formula.

(o[ (9] o

Mlin p+nok,c— pp) I, (c+nok) 1“(oz+v—ﬂu+1+;/+nj)(X’j)n
= T (p)(c—p) T (m+l(y+nj)) T(a—A+l+y+nj) nl

...(4.9.10)

At p=-v, result (4.9.7) and (4.9.8) reduce to the Riemann-Liouville fractional

derivative of extended k-generalized Mittag-Leffler type function. These are

given as below in Corollary-11 and Corollary-12.
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Corollary-11
For v,4,1,m, p,c e C,0€(0,1)UN Re(v)>0,Re(1)>0,
Re(1)>0,Re(m)>0, Re(c)>0 Re(p)>0 and k>0,p « RS and
j=1L,y=0,

we have the following left fractional formula.

(D5 [t EL7e (6 p) ])(%)

N 12 Bk p+nak c—p; p) ', (c+nok) C(A+y+nj) (X")n
= (P, ) T (m+I(y+nj))C(~v+A+y+nj) nl
..(4.9.11)

Corollary-12

For v,4,1,m, p,ceC, c€(0,1)UN,

Re(l)>0,Re(m)>0,Re(p)>0,Re(c)>0,Re(v)>0,

Re(4-y)<Re(v)—[Re(v)]and k>0,p € Ry and j=1,5>0,

we have the following right fractional formula.
A-1 o;C, 1
(o ez (1) o

—V+lylin P"‘nUkC Pp) r (C+n0'k) F(V—ﬂ+l+}/+nj)(X_j)
= T (o)l (c-p) Fk(m+l 7+nj)) [(-A+1+y+nj) n!

n

...(4.9.12)
(iii)  Application of results (4.8.5) and (4.8.6): If in results (4.8.5) and (4.8.6) we take

j=1 ,7=0, k=1and o=1, then in view of the definition of Fox-wright

function [92], these reduce to known results due to Araci et al. [3, p.9, eq. (36);
p.10, eq. (37)].
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4.10 SPECIAL CASES

For particular value o =1, j=1 and y =0 the extended k-generalized Mittag-
Leffler type function reduce to a function studied by Rahman et.al.[79] which in turn at
p=0 provides the Mittag-Leffler function due to Dorrego and Cerutti[17], therefore the
related Marichev-Saigo-Meada fractional integral and derivative formulae can be
obtained for these simpler functions. Also by considering k =1, j=1and y =0 the

fractional integrals and derivatives involving the Mittag-Leffler function due to
Prabhakar [78], Haubold et al. [35], and Mittal et al.[68] can also be derived.

It is important to emphasize that the results established in this chapter generalize the
results studied recently by Pathan and Bin-Saad [75], Shahwan et al.[91], Araci et al.
[3] and Bin-Saad and Younis [5].
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FRACTIONAL CALCULUS OPERATORS AND
CERTAIN FRACTIONAL ORDER KINETIC
EQUATIONS AND DIFFERENTIAL EQUATIONS WITH
THEIR SOLUTIONS

The main results of this chapter have been published / accepted / communicated for

publication as per details below:

1. The general hybrid-type fractional order kinetic equation involving general
multivariable function for Riemann-Caputo fractional derivative operator

(Communicated for publication)

2. Solution of general hybrid-type fractional order kinetic equations associated
with the multivariable general function for Hilfer type fractional derivative
operator
(Communicated for publication)
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5.1 INTRODUCTION

In this chapter, we have obtained the solution of a general family of hybrid-type
fractional order kinetic equation for fractional derivative operators involving
multivariable general function associated to the multivariable Mittag-Leffler function
and multivariable Hurwitz-Lerch Zeta functions. This chapter is divided into two
sections; Section-A and B.

In section-A, we have find out the solution of general hybrid-type fractional order

Kinetic equation with the Liouville-Caputo fractional derivative operator “°pg

involving the multivariable general function. In Section-B, the solution of general

hybrid-type fractional order kinetic equation with the Hilfer type fractional derivative
operator " DS involving the multivariable general function are obtained.

In the Section-A, we have established three theorems. The general hybrid-type
fractional order kinetic equation involving the multivariable general function,
multivariable Mittag-Leffler function and multivariable Hurwitz-Lerch Zeta function

respectively for the Liouville-Caputo fractional derivative operator ““Dg, are solved

here. Our results are very general and capable to be yielding solutions of many known
and new fractional order Kinetic equations involving the Mittag-Leffler function as well
as involving Hurwitz-Lerch Zeta function of one and several variables as the
applications.

In Section-B, three theorems are established in which the solution of the general
hybrid-type fractional order kinetic equation involving the multivariable general

function, multivariable Mittag-Leffler function and multivariable Hurwitz-Lerch Zeta
function respectively for the Hilfer type fractional derivative operator © DS are

investigated. As the applications, the kinetic equations considered in these theorems are
capable to be yielding solutions of a significantly large number of known and new
fractional order kinetic equations involving the Mittag-Leffler function as well as

involving the Hurwitz-Lerch Zeta function of one and several variables.
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5.2 DEFINITIONS AND PRILIMINARIES

The Hurwitz-Lerch Zeta function is defined and studied by Erdélyi et al. [19] in
the following form see also ([95],[98]):

a)=3

n:O n+a ’

..(5.2.1)

(aeC/Z,,5€C when |z|<1 and Re(s)>1when |z|=1)

here C represents the set of complex numbers, and Z; =Z~ {0} ={0,-1,-2,...}.
In 1997, Goyal and Laddha [28] defined and studied an extension of (5.2.1) in the

following form:

zsa Zw:

) ...(5.2.2
o Nl a+n) ( )

(ueC;aeC/Z,;seC when |z|<1 and Re(s—u)>1when |z|=1)

After words, many researchers studied many different generalization and extension of
Hurwitz-Lerch Zeta function of one variable. The interested readers can refer to these
publications for further researches. (Lin and Srivastava [58], Lin et al. [59], Choi et al
[11], Gupta et al [21], Garg et. al. [23], Srivastava et al [107], Daman and Pathan [12],
Srivastava et. al. [108] and Srivastava [104]).

Here (/I)n denotes the general pochhammer symbol, which is defined by Rainville [81].

r(A+n 1 n=0;1eC/{0
(i)"=%={A(/’t+l)....(/1+n—l), neN;/le/C{Z} +(5.2.3)

A multivariable extension of the Hurwitz-Lerch Zeta function (5.2.2) defined by Raina

and Chhajed [80]. We define this function at b =0 in the following manner:

A7) (%o Xyiaa) = Y (a+9)“ﬁ{M}1 ..(52.4)

My ooy =0 i-1 m; !

(421 (i=12,..,n); Re(a)>0,Re(p;)>0; max(|x[)<L Q= Zp,m,)

1<i<n

The further generalization of multivariable Hurwitz-Lerch Zeta function is studied by
Gupta [30, p.114, eq. (2.7.3)] in the following form
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o

0:{f

o j=1 ' i
2)()(5) (fzisa)= Y ——— [ ...(5.2.5)

Vi=12,..r PG eN; sV er’, u eC(i=1..p); a0 €C/Z;;

J

&V eR* (k=1...q)); min{Re(a), Re(s)} >0; max|z[ <1,

I<i<r

for i=12,.,r, the array of parameters (ﬂgi))z(,ul(‘)) ..... (yfji))and similarly

()= (o). (o)

A well known Mittag-Leffler function is defined and represented as follows [66] (see
also [67],[113])

Zr ...(5.2.6)

~T(an +1)

(zecC;Re(a)>0)
A large number of generalization and extensions of the Mittag-Leffler function of single
variable have been studied by several authors (Prabhakar [78], Srivastava and
Tomovski [97], Shukla and Prajapati [93])

A multivariable extension of Mittag-Leffler function studied by Gautam [25] and

Saxena et.al. [88] in the following form:

< (7/1)|<l "'(7r)k| Zkl Zf’
,,,,, P oD (A+kp ..tk p, ) (k) (K, )!

where A,y,1;, 0; €C; Re(p;)>0;Re(l)>0,1¢2,, j=1,2,.

..(5.2.7)

Recently for suitably restricted sequence {¢(n)}:°:OSrivastava [94] introduced a class

of function (see also [105],[110]) which is given by

C psa)-S A0
o ($12:52) g(a+n)sr(an+ﬂ)

...(5.2.8)

(a,8€C;Re(a)>0)
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The general function defined in (5.2.8) is recently studied by Kumar [56] for

ﬁ(ﬂi )5-n

¢(n)=%and by Jaimini and Tatwal [43] for #(n)=—"——

In this chapter we have studied the following multivariable analogue of the general

function studied by Kumar [56].

The multivariable general function considered here is defined and represented as

follows:

..(5.2.9)
Where  for all  i=12,..r 4,¢,52€C; 5 eR"; min{Re(a),Re(s)}>O;

max|z| <1, Re(e;)>0; Re(p;)>0

I<i<r

The Riemann-Liouville (RL) fractional integral and fractional derivative operators are
defined as follows (see [20, Chapter 13], [48, pp.69-70] and [87])

("1 f)(x =7i ...(5.2.10)
(x>a;Re( )> O)

("1 f)(x rl f - (5.2.11)

\—/

(x<a;Re(y)> )

and

(RLDZZJ)(X)Z[idijn('iff)(x) (5212

X

(Re(,u)>0 ;nz[Re(,u):|+1)
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where the function f is locally integrable, Re(u)denotes the real part of the complex

number ,ecand [Re(u)]denotes the greatest integer in Re(u)and IZ is the

classical Gamma function of argument z, defined by

J‘e"tz’l (Re(z)>0)
0
I'z= ...(5.2.13
L(Hn) (zeC/z,ineN) ( )
(z+1])
j=0
The Laplace transform of a function f (t) is defined as follows
= [e=f(t)=F(s) (Re(s)>0) ..(5.2.14)
0

The Laplace transform of fractional derivative (RLDg‘+f )(t) is given as follows [76,

p.105, eq.(2.2.48)]:

L{(™Dz 1)(t):s} =5"F s) gsk(RLD" £ )(0+) . (52.15)

(n-1<Re(u)<n; neN)

or equivalently [48, p.84, eq. (2.2.37)]:

n-1 d n—-k-1

L{( RLDgif)(t);s} :s“F(s)—kZ:(;sk T {( RLIQ;”f)(t)}

(n-1<Re(u)<n; neN)

...(5.2.16)

t=0

where ("D )(0+) =(" Dy ) (1) and

G )l =S )0s)

dt o dt
(ke{o.1,....(n-1)})

For the ordinary derivatives (" (t)of order N€ Ny, it is known that

n-1

LT (1);s) =s#F (s)- D" (0+) .(52.17)

k=0
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Liouville [62] and Caputo [6] defined a fractional derivative of order . > 0 of a function
f (t) as follows.

” f(”)(x) , u=neN,
dt_y{f(x)}:( Déif)(x): r(nl_y):[(xf(r:)g’ ?Hl dt, (n—1< Re(,u)<n;neN)
.(5.2.18)
here | LREG]+L (1% No)
h { ) (N ..(5.2.19)

The Laplace transform formula for the Liouville-Caputo fractional derivative

(*°Dg. )(t) is as follows ([76, p.80, eq. (2.140)] and [48, p.98, eq. (2.4.62)])

L{( Dy, f)(1); } S'E (5)= 3 s ...(5.2.20)
k=0

(n-1<Re(u)<n; neN)

The Laplace transform of the function defined in (1.9) is easily obtained

1 e r(ivlnl+7/]
L iy (s vk 2 § =T
et [a+z pini) F([HZaini)
i=1 i=1

« li[{(” n)? [Sz_j] (5.2.21)

(Vi=12,..,r Re(k)>0;Re(y)>0;Re(v,)>0;Re(c;)>0)
provided that each number of (5.2.21) exists.

For y = gand V; = (i=1,2,...,r)the formula (5.2.21) reduces to the following form:

148



Chapter-5

A)6) (4 g p _1 3 1 (#4)s0 (2, )

L{tﬂ l¢(ﬂ)ﬁ(p)(zlt ..... z t ka) S}—S—y Zn - kl_l[[ o 5
) (a"'z pinij ) I
i=1
...(5.2.22)

(Vi=12,..,r Re(k)>0;Re(; )>0;Re(3)>0)
If we apply the limit formula in eq. (5.2.9) then we have

T 5 r ) 5r
EVI) (20.m2,) = lim {0 (2,,...,2,:5,2)] ..(5.2.23)
The multivariable Mittag-Leffler function is due to Gupta [30] (see also [88]) defined
as follows
E()() _ N 1 o ()5 2

N2z )= D r I1 - ...(5.2.24)
M,...n, =0 F(ﬂ_l_zainij i=1 i "
i=1

(Vi=12...1;8,u,0,2€C, Re(e;;)>0,Re(5)>0)

In view of (5.2.23), the formula (5.2.21) provides the following Laplace transform for
multivariable Mittag-Leffler function defined in (5.2.24).

o r(ivini"‘?’j n
L{t7*1E((Zfi?(ﬂ5r)(zlt"l,...,zrtvn);3}:iy Z = { '”- sy [_¢J }

S _ r
NNy 0F(,8+Zaini] i=1
i=1

-

..(5.2.25)
(Re(s)>0;Re(y)>0;Re(v;)>0;Re( )>0; Vi=12,..,r)
For y = fand V; =q; (i=1,2,...,r)the formula (5.2.25) reduces to the known result

due to the Gupta [30, p.233, eq.(4.7.6)] in the following form

L{tﬂ EL (2t .z ), } 7 i H ) (s—] ..(5.2.26)

NN =0 i=1 i
The Laplace transform formula for Hurwitz-Lerch zeta function defined in (5.2.5) is

given by
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0 (500 ({50
L{t}’_l¢(/.l ()_’(é." ) (thvl - Zr tVr ’u’ a)’s} — Q®7' I’(luj.)’(bl ) (2187V1 yurny erivr , u, a)

e s o)
...(5.2.27)
where
Pi .
Yot . e ),
o (2 zua) = Y T4 St ...(5.2.28)
a{al’ e’ My =0 s i1 @) n;!
Felargan] e,
i=1 =

(Vi=12,..,r; Re(u)>0;Re(y)>0;Re(v;)>0)

the result (5.2.27) holds good for the conditions given with (5.2.5) for the similar
notations used their in (5.2.5).
Formally, the kinetic equation can be described by the following equation

‘jj_':'=_d(|\|t)+ p(N,) ..(5.2.29)

where d is the destruction rate and p is the production rate of N (t), also

N, (t)=N(t-t"), (t'>0)

Haubold and Mathai [34] studied the elementary kinetic equation (5.2.29) is the
following form

an,

= —aN (1) .(5.2.30)

with the initial condition that N, (t=0)= N, is the number of density of species i at

time t=0 and constant C, >0 is known as the standard kinetic equation.

An alternative form of equation (5.2.30) upon integration is given by

N (t)— Ny =c, D {N(t)} ...(5.2.31)
where D *is the standard integral operator

The fractional order generalization of the equation (5.2.31) is recently being studied in

the following form (see [34])
N (t)= Ny =c"("15,N)(t) ..(5.2.32)
where the Riemman-Liouville integral operator -1, isof order V defined in (5.2.10)

(see also [48])
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SECTION-A

5.3 Inthis section, we have established three theorems. The solution of the general
hybrid-type fractional order kinetic equations involving the multivariable general
function, multivariable Mittag-Leffler function and multivariable Hurwitz-Lerch Zeta

function for the Liouville-Caputo fractional derivative operator "D are obtained

here. These are solved by using the Laplace transform method.

The kinetic equations considered in this section are very general and provide the
solutions of certain known and new fractional order kinetic equations involving the
Mittag-Leffler function as well as involving the Hurwitz-Lerch Zeta function of one
and several variables.

In this section-A, we investigate the solution of following general hybrid-type fractional
order kinetic equations involving the multivariable general functions defined in (5.2.5),

(5.2.9) and (5.2.24) for the Liouville-Caputo fractional derivative operator D¢

defined in (5.2.18).

5.4 MAIN KINETIC EQUATIONS WITH LIOUVILLE-CAPUTO
DERIVATIVE

The kinetic equations and their solutions are given in the following Theorem-1,
2 and 3 as below.

Theorem-1
Under the parametric constraints C,7,V,p € R"and 0<o <1, let the general function
ey (s-02,55,@) defined in (5.2.9), exists then the solution of the following

generalized fractional order kinetic equation

N (t) = Not" ™" el (zt*,....z, t" ;k,a) =—” (“*DgN)(t) ...(5.4.1)
with initial condition N (0+)=N(t)|_ =z, ...(5.4.2)
is given by
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N (8) = Not Y (<) [ETH i rr@rni +7j :

40 ¢’

A [a+; pinij F(,BJriZl:ainij

=

e )

(t>0) ...(54.3)

provided that the right hand side of the solution (5.4.3) exists.

Proof of Theorem-1
On applying the Laplace transform of both side of kinetic equation (5.4.1) and using

the formulae (5.2.20), (5.2.21) and (5.4.2) we have

ol r[zyj H{(MH}

=—C"s"N(s5)+¢75"" 1,

which leads the following result

o

i=1

p r k r ; . rv-n-+y
S | n. n,—o[a_i_zpini] F(ﬂ+2ainij i=1 ! Sizz:‘ll ]

Cplo o1
1+c”s?

on applying the series expansion given as follows

1+c*”

= Zw: {(ors - 1))q+1 (Je”s7|>1) ..(5.4.4)

then above expression can be written in the following form
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o & 1 & (1)
li:l[ n; ! } (iVi“i +7+a(q+1)] + Zoz Cpqsaq+l
S

q=0
i=0

now applying the inversion of Laplace transform by using the well known identity given

as follows
N R &
L {s“l’t}_r(/ul) ...(5.4.5)
(Re(2)>-1Re(s)>0)
We have

[Zr:vi n +7+a(q+1)—1J
t

i=0

i n!

{IL[ (ﬂi )ﬁ.ni z" }

F[Zr:vi n+y+o(g+1)

i=1

On simplifying above expression, we obtain the solution (5.4.3) asserted by
Theorem-1

Theorem-2
Let C,]/,V,,OER+and O<o<1. Also let the multivariable Mittag-Leffler function

El%)5") (2,,...,2,) defined in (5.2.24) exists. If 7, is given by (5.4.2), then the solution

of the following generalized fractional order kinetic equation

N (t)— Not *E(%

el (",...,z, 1) =—c” (“°Dg,N)(t) ...(5.4.6)

is given by
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) L r Zr:vini+
N(t):Not”Z(—l)q[t—] mzn;Or(mia.n)( (ZV ?yw q+1)j

r ) Zitvi " ) _1\4 o \4
<] M + 20D, ) {t—J (t>0) .(5.4.7)
provided that the right hand side of the solution (5.4.7) exists

Proof of Theorem-2
Applying the Laplace transform of both side of kinetic equation (5.4.6) and using the
equation (5.2.25), (5.2.20) and (5.4.2), we have

(s nli;roj((i“i“;%ﬁ{wg;n =]

i
i=1

=—C’s"N(8)+c7s7 "y,

Which leads the following result

- F(ivini +7j NIANA
N(S)=—1 i Z ' { (ﬂ');‘”; ' } = +1CP£G 57!
+CUST a0 ( =1 it zVi”i+7 +
ﬂ+za.n.]

Si:l
On applying the series expansion given in equation (5.4.4) above expression can be

written as follows

k r
40 C - r i Zvini+y+a(q+l)]
I'l g+ n =
T e S |
& (<)
+Zoq§0 Cpqscrq+l

On applying the inverse Laplace transform (5.4.5), we have
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N (612 N w» (_1)q r(;VIni+]/) . (,Lll )&ni Zln' t[gviniﬂﬂro—(qﬂ)lj
(t)= OZ_; A0 Z 0 i iz n! r[iw +G(q+l)]
ST gan )
L i=1 ]

On simplifying above expression, we obtain the solution (5.4.7) asserted by
Theorem-2.

Theorem-3
For C,7,V,p€ R'and 0<I<1, let the extended Hurwitz-Lerch Zeta function of

multivariable defined in (5.2.5) exists. If %, is given by (5.4.2), then the solution of the

following generalized fractional order kinetic equation

(o) v v .
N (t)_ NOty1¢£f(o_gi)();(§£i)) (th ' yreny Zr t ' 1u1 a) = _Cp ( - D(I)+N )(t) . (548)
IS given by
O A v o (i)l T
" (t) N qz—t;( 1) (Cp] F(| (q +1)+7) (DE"?'(Q+1)+7?(0$)):(<5£”) (th e Bt ,u,a)
© (—1 q { q
+ Zoqz_;lglqil(c_pj (t>0) ...(5.4.9)

provided that the right hand side of the solution (5.4.9) exists and the function
A
(o)) (2y,042,3U,8) i defined in (5.2.28).
Proof of Theorem-3

On applying the Laplace transform of both side of kinetic equation (5.4.8) and using
the formulae (5.2.20), (5.2.27) and (5.4.2), we have
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= —¢’s'N(s)+c"s"y,

Which leads the following result

() 20
r H(’UJ )é(i)nizi 1 szo Sl_l

i= & i r Vi + 1+ CpSI
| (60 | 5

in view of series expansion (5.4.4) it can be written as follows

on applying the inverse Laplace transform on both side in view of (5.4.5), we have

r(i"i”i"‘?”j . lﬂ[(ﬂgi))&(.)n_zini
i1 i

[Zr:vin, +y+|(q+l)—1]

(Zv +y+1 q+1)j "L

j = lﬂ[(aﬁ”)mini!

()" _to
c” Tlg+1

On simplifying above expression, we obtain the solution (5.4.9) asserted by

Theorem-3.
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APPLICATIONS

The kinetic equations in Theorem-1, 2 and 3 are providing solutions of a

significantly large number of known and new fractional order kinetic equations

involving the Mittag-Leffler function as well as involving Hurwitz-Lerch Zeta function

of one and several variables. We mention some of them as below.

(i)

(i)

(iii)

(iv)

(v)

(vi)

At r=1and P =1, the Theorem-1 reduce to the known result due to Srivastava
[94, p. 2663, Corollary 4.6 at ¢(n):%] for the function €, ,(¢;z,5,a)
n!

considered therein [94].

At r =1, the Theorem-2 reduce to the known result due to Srivastava [94, p.

2663, Corollary 4.7 at ¢(n) = %] for Mittag-Leffler function.
n!

At r=1andfor =1p,=p and g =, the Theorem-3 reduce to the known
result due to Srivastava [94, p. 2664, Corollary 4.8].

At I=1p =1 and ifg,is replaced by oq %,, the Theorem-1 reduce to the

known results due to Srivastava [103, p. 56, eq.(3.10) at ¢(n) =%] for the
n!

function €, ; (4 ;2,5,a)considered therein [103].

At r =1 and if %,is replaced byc(Q %, , the Theorem-2 reduce to the known

result due to Srivastava [103, p. 57, eq.(3.19) at ¢(n) = %] for Mittag-Leffler
n!

function.
At r =1,(91 =1 p,=p,0,=q and if Xois replaced byo( %, , the Theorem-3

reduce to the known result due to Srivastava [103, p. 58, eq.(3.21)].
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SECTION-B

5.6  Recently Srivastava [94] studied some general families of hybrid-type fractional
order kinetic equations for the Hilfer type fractional derivative operator involving a
general class of functions using Laplace transform method. Following the above cited
work of Srivastava [94], three theorems on solution of general families of hybrid-type
fractional order kinetic equations for the Hilfer type fractional derivative operator

npz~involving multivariable general function associated with multivariable Mittag-
Leffler function and multivariable Hurwitz-Lerch zeta function defined in (5.2.5),

(5.2.9) and (5.2.24) are obtained here in this section.

As applications of the theorems established in this section, some known and new results
on fractional order kinetic equations and their solutions involving multivariable general

functions and associated functions for Riemann-Liouville fractional derivative =-pg

and Liouville-Caputo fractional derivative operator rcpo are established here.

5.7 DEFINITIONS AND RESULT REQUIRED

The Two-parameter family of fractional derivatives of order is (0 < x <1) and

type V(O <v< 1) was introduced and studied recently by Hilfer in the following manner

(see [36,37,38,39,112]):

H v _ RLy v(1- )i RLy (1-v)(1-x)
("Dz: f)(x)—i( R dx( la: ”f)j(X) (570

Here, the right sided and left sided Hilfer fractional derivative of order £ and type V

with respect to X are defined, in terms of the Riemann-Liouville fractional integral
operator defined in (5.2.10) and (5.2.11).

The Laplace transform of Hilfer fractional derivative (“ DY )(t) is given as follows

[94, p.2651, eq.(1.15)]:
L{("Dgv £ )(t);s) =s“L{f (t);s}—s"“? (15 1) (0+) ..(5.7.2)

where (10794 )(0+) is the Riemann-Liouville integral of order (1-v)(1- ).
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5.8 MAIN KINETIC EQUATIONS WITH HILFER DERIVATIVE

The three kinetic equations and their solution are given in the Theorem-1, 2 and

3. These Kkinetic equations are solved using the Laplace transform method.

Theorem-1

Let each of the parametric constraints 7, 0 ,C,V; € R (i =1...r), O<o<land 0<w<1

hold true. Suppose also that the multivariable general function (%)  (z,,...,z,;k,a)

defined by equation (5.2.9) exists. If we consider

o (O',a)):(RLléf“’)(l_a)N)(O+) ...(5.8.1)
then the solution of the following general hybrid-type family of the fractional-order
kinetic equations.

N (t)=Not" * el (zt",.... 2t k,a) =—¢” ("Dg N )(t) ..(582)

is given by

N (1) = Nt S (-2 [Lj z ( = —
R G COLY)

1 ] (#)0 (2)
(Zv +y+o( q+1)j = n’

(@)oY (-2)° (qu (t>0)

pry F[a(q +1)+ a)(l—a):l c”
...(5.8.3)
provided that the right hand side of the solution (5.8.3) exists.

Proof of Theorem-1

On applying the Laplace transform of both side of (5.8.2) then using (5.2.21), (5.7.2)
and (5.8.1) we have
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ot 5 B jk{ﬂ‘“')f“(;f}

M0 F([HZaini] (a+ > pin,

=—c” [SUN (s)=s" "y, (o, a))]

which leads the following result

N | 5 F[gviniwj {ﬁ(ﬂ.)@nZ.“} 1
"1 (g San ] (aeSon | '

N ¢’ %o (G’ a)) s(oD
1+c”s?
on applying the series expansion (5.4.4), the above expression can be written in the

following form

. r Zr:viniﬂ/j

© (-1 = (i:l

:NOZ((:p(q)l) Z r . ‘
5y S (efon

- (ﬂi )gn_ z" 1 © (—1)q
{H ni ! [Zr:vini+y+o-(q+l)] ’ %o (6’ a)) ;W
glit

now applying the inversion of Laplace transform by using (5.4.5), we have

ORB= F(z ”]r | {H(M L }
i F(ﬂ+;ainij [a+; pini}

r
Zv, n+y+o(q+1)-1

ti:l ©
+ %0 (0, @) z
{Zvn +y+o( q+1)} 0 5 C” Tlo(q+1)+o(l-0)]

=) (@ )ali-a)L

on simplifying above expression, we obtain the solution (5.8.3) asserted by

Theorem-1.
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Theorem-2
Let each of the parametric constraints C,},V,p € R", 0<o<1,and 0<w<1 hold true.

Suppose also that the multivariable Mittag-Leffler function E(( )),(ff)( v 2, ) defined

in (5.2.24) exists. If y, (o, @) is defined by the equation (5.8.1), then the solution of
the following general hybrid type family of fractional order kinetic equations
N (t) = Not "ElS)5 (zt",..., 2, ) =—¢” ("Dg“N)(t) ...(5.8.4)

is given by

x e r Zr:vini+
N(t)=Noty1qZ_(;(_1)q (t_j nlzn;or{mia,n](r(zv ij}”ra q+1)j

lj (Z )’ + 7, (G @)t Y (-1 [qu

pr F[a(q +1)+a)(1—0)] c”

(t>0) ...(5.8.5)
provided that the right hand side of the solution (5.8.5) exists.

Proof of Theorem-2
On applying the Laplace transform of both side of kinetic equation (5.8.4) and using
the equation (5.2.25), (5.7.2) and (5.8.1), we have

=—c[s7N(s) ="V o (0, 0) ]

which leads to the following result

Ot X F(E;i?ﬁﬁ(ﬂ()gn):n} [zl] PSR ) e

on applying the series expansion (5.4.4), the above expression can be written in the

following form
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(g

)

0(q+1)+(u(1—0')

=0 CpqS

} {Zr:vini +y+a(q+1)]

now on applying the inverse Laplace transform in view of (5.4.5) we have

00

+1 (0, @)Y —

g0 C

[

5 F@Vin‘”j

H(l‘i )'ﬁni i

r
Zvi n+y+o(q+1)-1
ti2

nr_ol“(ﬁ+zr:ainij

(_1)(] t[o(q+l)+a)(1—o)—l]

i

F[J(q +1)+a)(1—0')]

n!

Zv +y+0 q+1)}

On simplifying the above expression, we obtain the solution (5.8.5) asserted by

Theorem-2.

Theorem-3

Let each of the parametric constraints C,},V,p € R, 0<1<1,and 0<w<1 hold true.

Suppose that the extended multivariable Hurwitz-Lerch Zeta function which is defined

in (5.2.5) exists. If ;(O(La)) is defined by the equation (5.8.1), then the solution of the

following general hybrid type family of fractional order kinetic equations

i
(

N (t)— Nt "¢

is given by

)

N (1) = Nt 3 (1)

m=0

"’Zo

[1+o(1-1)-1]
o)t Z1“[I m+1

(i)

6 ?(‘Tki))v(fk

(2t ez, tua) ==e” ("DEN ) (1) ..(5.8.6)
tl m+1 F]/ 7\4)(/}(};))’ _i) .
Ec_pj F(I(m+1)+7/) CDQ.;(l(m+1)+7);Vi,(a&i));(glgi)(Zt yeery rt ,U,a)
(- t Y
)+ o(1- |)]( J (t>0) .(58.7)

provided that the right hand side of the solution of the equation (5.8.7) exists and the

e Hor)

function <I> (o_ e

, (2

11 Z,3U,8) is defined in (5.2.28).
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Proof of Theorem-3
On applying the Laplace transform of both side of kinetic equation (5.8.6) and then
using (5.2.27), (5.7.2) and (5.8.1) we have

_&_ ) r(gvinin r ﬁ(”gi))ggwm . |
N(s) s _“'“Z“;O(aJriz’;eini]“ ] lq—[(aﬁ,))gi)nni!(z.j
[N )]

which leads the following result

N(S):l—l—CpS' nl,;:‘o (a+zr:an)u i lq—i‘[(gii)) nl [Zr:viniw]
i =l ! s

¢’ 7, (l,w ~
+ XO( : )S(u(l 1)
1+c”’s

on applying the series expansion (5.4.4), the above expression can be written in the

following form

N =N _N= 7
(S) Omz_ocp(mﬂ) nl,;_o u L] ; i) ' Zr:vini+y+l(m+1)
a+Z¢9ini H(O-k )g(i)n r]i . g it

o _1 q
+zo("w)ZW

m=0

on applying the inverse Laplace transform on both side in view of (5.4.5), we have

r Pi X
-)" | & r(zv‘n‘w ] r H(”g))gmnzim
Z i=1 H j=1 I
. rzo(aienju (), 0
ith k i)n_ [
i=1 k=1

&',

—

N (t): Noi

m=0

o
=
5

téwni +y+I(M+1)-1 . (I a))i (_1)q t|(m+1)+a,(1_|)_1
r 0 ' m _
F[Zvini+y+l(m+1)} s ¢ T[H(m+1)+o(1-1)]
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On simplifying the above expression, we obtain the solution (5.8.7) asserted by

Theorem-3.

5.9 APPLICATIONS

The fractional kinetic equations involving multivariable general function for
Hilfer fractional order derivative operator studied here are general in nature and provide
the wide range of fractional kinetic equations. As applications of theorems established
in this section these can be reduced to the results for Liouville-Caputo fractional
derivative as well as for Riemann-Liouville fractional integral operator.

Each of the corollaries reduced from our main theorem are significantly general in
nature and can provide the solution of many relatively simple fractional order kinetic
equations. Certain known and new fractional kinetic equations of our main theorems

are illustrated here.

The relationship of Hilfer fractional order derivative with Riemann-Liouville
and Liouville-Caputo fractional derivative operator is given in the following manner
[94, p.2661, eq.(4.1)]

RL H o0
Dy, ="Dy

...(5.9.1)

Lc Hpyol
Dy, ="D;;

...(59.2)
So our main results can be reduce the solution of the corresponding hybrid-type

fractional order Kkinetic equations involving these simpler fractional derivatives.

At first if we apply (5.9.1), then the Theorem-1, 2 and 3 reduce to the following
Corollaries-1, 2 and 3 respectively related to the Riemann-Liouville fractional

derivative.

Corollary-1

Let each of the parametric constraints 7, ,C,V; €R" (i=1..r), 0<o <1 hold true.
Suppose also that the multivariable general function el (z,,...,2,;k,a)defined

by equation (5.2.9) exists. if we set
Y (o) =15 7N (0+) ..(5.9.3)
(0 <o< 1)
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then the solution of the following general hybrid-type family of the fractional-order

kinetic equations
N (t)—Not"* el (zt",...z,t";k,a) =—* (*“DZN)(t) .(5.9.4)

is given by

Y o NI r Zr:viniﬂ/j
ORI YT ( —
i ¢ m"'n'zor(ﬂ+;aini] (a+; pinij

(Zvn +i (q+1 +7/j 'rl = '(Zt ) _1ZF[G qul](tan

(t>0) ...(5.9.5)

provided that the right hand side of the solution given by the equation (5.9.5) exists.

Corollary-2

Let each of the parametric constraints c,y,v,,peR" (i :1...r), 0 <o <1hold true.

Suppose that the multivariable Mittag-Leffler function E((”))Ef)( 112, ) defined in

(5.2.24) exists. If YO(G) is defined by the equation (5.9.3), then the solution of the

following general hybrid type family of fractional order kinetic equations

N (1) = Nt/ "E5) (7%, z,t" ) =—¢” (" DgN (1) ...(5.9.6)

is given by

) L r Zr:viniﬂ/
N(t):NOtquZ_;(_l)q[(t:—pj ”12“;°r(ﬁ+ianj(r(liv l+0 q+1)j

W GOy oy lir[ _q+1)] H (t>0)

i=1 ni ! q=0

...(5.9.7)
provided that the right hand side of the solution (5.9.7) exists.
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Corollary-3

Under the parametric constraints c,y,v,,peR" (i :1...r)and 0<I<1. Suppose that
the extended multivariable Hurwitz-Lerch zeta function defined in (5.2.5) exists. If
Y, (I) is defined by the equation (5.9.3), then the solution of the following generalized

hybrid type fractional order kinetic equation

- ‘gi) ; 55” v Ve
N (t)— Ngt” 1¢£|‘;(02i)()’(§g”)(zlt e 50,8) == (D, N (1) ...(5.9.8)
is given by
B o 0 1:| m+1 l_,}/ 7;Viy(lu(_i));(5(_i)
— 1 _ - 1\ v Vi .
N(t)_N0t7 mz_()( 1) {C”] F(l(m+l)+7)(Dﬁi;(l(m+1)+y);vi'(Gi”):(fi‘))(th o Bk ,u,a)

P
m=0 C

+Y, (I)tl_lir[l((_Tl)il)](ijm (t>0) ...(5.9.9)

provided that the right hand side of the solution of the equation (5.9.9) exists and the

(i)

function CD;(O_(,)),W) )(Zl Z,;U,a)is defined in (5.2.28).

Now if we apply (5.9.2), then the Theorem-1, 2 and 3 reduce to the following
Corollaries- 4, 5 and 6 respectively related to the Liouville-Caputo fractional derivative.

Corollary-4
Let each of the parametric constraints C,7,V, 0 €R", 0<o <1 hold true. Suppose also

that the general function eggj;j(j;)p  (24,-,2,:k, @) defined in (5.2.9) exists. If we set

o =N(0+)=N(t) ...(5.9.10)

then the solution of the following general hybrid type family of the fractional order

kinetic equations

N (1) = Nt &

)i(or)
(e )

P (2t 2tk @) =—c” (*°DEN ) (t) ..(5.9.11)

is given by
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>
i
)1
q
O
+
Ll

! Tog+1\c
[Zvn +o(q+1) +7/j' ! |

(t>0) ...(5.9.12)

provided that the right hand side of the solution (5.9.12) exists.

Corollary-5
Let each of the parametric constraints C,},V,p € R", 0<o <1 hold true. Suppose also

that the Multivariable Mittag-Leffler function E((;"))ff') (,,....z, ) defined by the equation

(5.2.24) exists. If ¥, is defined by the equation (5.9.10) then the solution of the

following general hybrid type family of the fractional order kinetic equations

N (t) = Not" "El) 0 (28", 2t ) =—” (“*DgN)(t) ..(5.9.13)

is given by

_ Nt qz_(;(—l) [%j nlgor(ﬁ+za.n.j (ZV +y+o q+1)J

x H M +¥y ii(ijq (t>0) ...(5.9.14)

i-1 n! q=0 F[Gq +1]
provided that the right hand side of the solution (5.9.14) exists.

Corollary-6

Under the parametric constraints c,y,v., pe R"and O<t<1. Suppose that the

extended multivariable Hurwitz-Lerch zeta function defined in (5.2.5) exists. If ¥,is

defined by the equation (5.9.10), then the solution of the following generalized hybrid

type fractional order kinetic equation
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(i)
N (t)— Ngt"™ i,ﬂ(]az'(),(;))(u Lzt;u,a) == (“Dy,N)(t) ...(5.9.15)
is given by
B A L (o (s} P
(O O I e LA R G
“”0; r([l‘rﬂl] (g_pj (t>0) .(59.16)

provided that the right hand side of the solution of the equation (5.9.16) exists and the
gt
function <I> ( el ( yee L5 U, a) is defined in (5.2.28).

We also mention the following known results as given below.

(i) At r=1and P, =1, Theorem-1 reduce to the known result due to Srivastava
[94, p. 2658, Theorem 3.1 at ¢(n)=%] for the function €, , (¢;z,s,a)
n!

considered therein [94].

(i) At r =1, Theorem-2 reduce to the known result due to Srivastava [94, p. 2660,

Theorem 3.3 at ¢(n) = %] for Mittag-Leffler function.
n!

(iii) At r=1 and for §=1p =pand ¢ =0, Theorem-3 reduce to the known
result due to Srivastava [94, p. 2661, Theorem 3.4].

(iv) At r=21and p,=1, Corrolary-1 and Corrolary-4 reduce to the known result due

to Srivastava [94, p.2661, Corollary 4.2; p.2663, Corollary 4.6 at ¢(n) = %]
nt

respectively for the function €, , (¢4 ;2,5,a)considered therein [94].

(v) At r=1, Corollary-2 and Corollary-5 reduce to the known result due to
Srivastava [94, p.2662, Corollary 4.2; p.2663, Corollary 4.7 at ¢(n) = %] for
Mittag-Leffler function.

(vi) At r=1andfor & =1p =p and ¢ =0, Corollary-3 and Corollary-6 reduce

to the known result due to Srivastava [94, p.2662, Corollary 4.2; p.2664,
Corollary 4.8].
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5.10 SPECIAL REMARK
In present chapter, we find out the solution of general hybrid-type fractional order

kinetic equation for the Liouville-Caputo fractional derivative operator (“°Dj. f)(x)

in section-A and for the Hilfer type fractional derivative operator (HD(;j”f)(x)in

section-B, involving the multivariable general function associated to multivariable
Mittag-Leffler function and multivariable Hurwitz-Lerch Zeta functions.

The main theorems of this chapter are very general and capable to be yielding solutions
of a significantly large number of known and new fractional order kinetic equations
involving the Mittag-Leffler function as well as involving Hurwitz-Lerch Zeta function
of one and several variables.

Each of corollaries itself is significantly general in nature and can provide the solution

of many relatively simple fractional order Kinetic equations.

The new direction of research lies in the fact that the function €%} | (z,....z,;s,a)

can be further generalized for a sequence of parameter a(nl, nr) as follows:

Ny
r

Nzt z

(e

X ol(n,...
€ )1(01) (z,..2,;5,a) = Z (n,

My =0 [a-q—i pinij F(ﬂ"'i“ini]

i=1
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CONCLUSION

Here we are presenting the conclusion of the work which we have done throughout

our study in a nice manner with the following points-

>

| am submitting the thesis entitled- “Investigations in certain-generalized
special functions and fractional calculus operators with applications' I have
explained my work in five chapters. First chapter presents an introduction and
historical overview of advancements in special functions and fractional calculus.
This provides the definitions, symbols and notations which we have used in
establishing new interesting results to develop the field of special function and

fractional calculus.

Chapter-2 is organized into Section-A and B. A general function €3"". (z,5,a)

and its mild generalization introduces in section-A and in Section-B, we extend
this general function to a multivariable analogue for enhancing its applicability
and scope. This general function unifies all the function related to Hurwitz-Lerch
Zeta function, its extension as well as the Mittag-Leffler function and their
extension scattered in the literature. Therefore, many known and new results are
shown to be obtained for the Hurwitz-Lerch Zeta function as application of our
main results.The results obtained in this chapter are related with the Hurwitz
Lerch Zeta functions of single and multivariable that will be useful to solve a
variety of problems of fractional kinetic equations, integral transforms, integral

representations and generating functions.

Chapter-3 extends the analysis of general function. This chapter also structured
into two section A and B. Some integral representation and fractional derivatives

for general function eg;;ﬁ; (z,s,a) and further for its mild extension have

established in section-A while in section-B we have obtained certain integral
representation and expressions for multivariable general function

ey (21s42,35,2) and similar results are further established for its mild

extension.
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We have evaluated certain type of integrals involving the Mittag-Leffler
function which gives the general function as resultant for single and
multivariable. General function studied in this chapter unifies all the function
related to Hurwitz-Lerch Zeta function, its extension as well as the Mittag-Leffler
function and their extension. Therefore, certain integral expressions and
fractional derivative related to Hurwitz-Lerch Zeta function and the simpler
functions are shown to be derived.

Due to the general nature of the general functions, the results obtained in
this chapter will be very helpful and provide new direction and further scope of

research for the young researchers who are actively engaged in the field.

Chapter-4 is presented into the section-A and B. In section-A we have
established six fractional integral and derivative formulae for Marichev-Saigo-
Maeda fractional integral and derivative operators, and Caputo type Marichev-

Saigo-Maeda fractional derivative operators involving extended k-generalized

Mittag-Leffler function E;% (X; p).In section-B, we have considered extended

k,I,m
k-generalized Mittag-Leffler type function Eo’j]‘;“"y (Z; p) and six fractional

integral and derivative formulae for Marichev-Saigo-Maeda fractional integral
and derivative operators and Caputo type Marichev-Saigo-Maeda fractional
derivative operators involving this function are obtained.

The fractional order differentiation and integration of special functions are
very important as these results are being used to solve the fractional order
differential and integral equations. Due to the applications of fractional calculus,
the present study is very much significant for the field of science and engineering.

In this chapter the generalized fractional calculus operators are used to
evaluate the fractional differential and integrals formulae. The importance of the
results established in this chapter lies in the fact that the extended k-generalized
Mittag-Leffler function and extended k-generalized Mittag-Leffler type function
are very general in the nature therefore many known and new results can be
obtained for three and four parameter Mittag-Leffler type functions. Main results
of this chapter are capable to provide the fractional integral and differential
formulae related to Riemann-Liouville and Saigo operators. These results are

recorded in the corresponding corollaries.
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In chapter-5 we have obtained the solution of general hybrid type fractional order
kinetic equations with fractional derivative operators using Laplace transform
method. This chapter is also divided into two sections A and B.

We have derived solutions of general hybrid-type fractional-order kinetic
equation for Liouville-Caputo fractional derivative operator in Section A and for
Hilfer-type fractional derivative operator in Section B, associated to multivariable
general function associated to multivariable Mittag-Leffler function and
multivariable Hurwitz-Lerch Zeta functions.

The main theorems of this chapter are very general and capable to be
yielding solutions of a significantly large number of known and new fractional
order kinetic equations involving the Mittag-Leffler function as well as involving
Hurwitz-Lerch Zeta function of one and several variables. New results for the
fractional-order derivative operator are presented as corollaries. Each of
corollaries itself is significantly general in nature and can provide the solution of
many relatively simple fractional order kinetic equations.

The work we have done in these Chapter-2,3,4 and 5 achieved our
objectives. Hence all Theorems and Corollaries established in this thesis are new
and significant. Therefore, this study will stimulate further progress in the fields

of special functions and fractional calculus.

Further scope of research: The methodology and approaches that we have used
in the thesis to develop the results can be further extended for more general new
special functions and fractional operators. The young researchers will utilize our
finding to develop new study involving the Marichev-Saigo-Maeda fractional
integral and derivative, Caputo-Marichev-Saigo-Maeda fractional derivative,
Caputo derivative, Hilfer derivative, general hybrid type fractional order Kinetic
equation and for more general multivariable multi-index general function,
Hurwitz -Lerch zeta function and k-Mittag- Leffler function, to solve the

complicated problems of applied mathematics, science and engineering.
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SUMMARY

The thesis entitled "Investigations in Certain-Generalized Special Functions
and Fractional Calculus Operators with Applications” is divided into five chapters.
First chapter presents an introduction and includes the definitions, symbols and
notations which we have used in establishing new interesting results to develop the field

of special function and fractional calculus.

The remaining four chapters-2,3,4,5 exhibit our main research work. There after
we have written the conclusion of our research work done in these chapters. Complete
bibliography of the present study for reference is displayed at the end of the thesis. Two
research papers on these four chapters are published while six are communicated for
publication. Here in this section now we provide the summary of thesis of the research

work done in all these five chapters.

Chapter 1: Introduction and preliminaries to the field of study

We initiated this thesis with Chapter first, it is preliminary and presents the brief
historical advancements of the related field of special functions and fractional calculus.
The chapter has eight sections- 1.1 to 1.8. After introducing the field of research in the
section-1.1, we have given the definitions of hypergeometric function of single and
multi-variables like Gauss hypergeometric function, confluent hypergeometric
function, generalized hypergeometric function, Wright’s generalized hypergeometric
function, Kampe de Ferriet function, Hurwitz-Lerch Zeta functions of single and
multivariable and its generalization, Mittag-Leffler function of single and
multivariables, definition of elementary Gamma and Beta functions and their k-
generalization, k-Mittag-Leffler type function of arbitrary order and Barnes class of
functions in section-1.2. Linear generating functions, multivariable and multilinear

generating functions are also defined in section 1.3.

Fractional Calculus or the Calculus of arbitrary order is also an important field of
research. We have done some work on the application of fractional calculus in this
thesis. In section-1.4, the fractional Calculus, the Riemann-Liouville fractional integral
operators, differential operators are defined further the Saigo operator, Erdelyi-Kober
operators, Marichev-Saigo-Maeda operators and their Caputo-type generalization and
Hilfer derivative operators are also defined. We have defined the Laplace transform,
Inverse Laplace transform and its convolution property and Laplace transform of
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derivative are given in section - 1.5. The generalized fractional kinetic equations are
studied in this thesis therefore we have presented the elementary knowledge on the
kinetic equations in section-1.6. The glossary of symbols used in the thesis is given in
section-1.7 and the abstract of remaining four chapters- 2, 3, 4, 5 is given in brief in

section-1.8.

Chapter 2: Generating functions involving general special function related to
Hurwitz-Lerch Zeta function and its multivariable generalization

This chapter is divided into two sections A and B and fourteen subsections 2.1-
2.14. In subsection-2.1 is chapter introduction is given while the in subsection-2.2 we
have given the definitions of Hurwitz-Lerch Zeta function and Mittag-Leffler function
with their extensions and related functions. A single variable general function which
unifies the Hurwitz-Lerch Zeta function and Mittag-Leffler function is also defined

here.

Section-A deals with a general function of single variable. It included five
subsection 2.3 to 2.7. An introduction of section-A has given in 2.3. We have given the
integral representation for general function with its proof in subsection-2.4. The four
theorems on generating functions have given with their outline of proofs in subsection-
2.5. A mild extension of this general function has also considered and the integral
representation and four theorems on generating function for this mild extension are also
given with their proofs in subsection-2.6. As applications of our main theorems in
subsection-2.7, we have obtained six known results associated to Hurwitz-Lerch Zeta

function deduced from these main results of section-A.

In Section-B we have studied a multivariable analogue of general function
defined in Section-A. This section further divided into subsections from 2.8 to 2.14.
We have considered multivariable general function in subsections 2.8 and in 2.9 we
have given the definitions related to multivariable Hurwitz-Lerch Zeta function and
Mittag-Leffler function. The integral representation for multivariable general function
with its proofs is given in subsection-2.10. The four theorems on generating functions
for this function have given with their proofs in subsection-2.11. One theorem on the
integral representation and four theorems on the generating function for its mild
extension are also given with their proofs in subsection-2.12. As applications of our

main theorems, we have given known and new results associated to Hurwitz-Lerch Zeta
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function, the new results of main theorems are given as corollaries in subsection-2.13.

In subsection-2.14, the special remark is given on the recent work done.

Chapter-3: Integral representations and integral expressions associated to the
general functions of one and several variables in terms of Mittag-Leffler functions

The motive of this chapter is to evaluate certain integral representations,
fractional derivatives and integral expressions for single and multivariable general
function in terms of Mittag-Leffler function of single and multivariable. This chapter is
divided into section-A and B with fourteen subsections 3.1 to 3.14. In first two
subsections-3.1 and 3.2 of this chapter we have given introduction to the chapter and
the definitions of fractional derivative, Hurwitz-Lerch Zeta function, Mittag-Leffler
function and their extensions and integral representation of general function, some

elementary formulae are also given their.

In section-A, we have included five subsections-3.3 to 3.7. In subsections-3.3 and
3.4, we have given three main theorems on integral representation and one theorem on
fractional derivative for general function of single variable with their proofs. In
subsection-3.5 we have considered a mild extension of general function in view of
parameters and given the integral representation this function. Three theorems on
integral representations and one theorem on fractional derivative for this mild extension
with their proofs have given in subsection-3.6. In subsection-3.7 we have given some
known special cases related to Hurwitz-Lerch Zeta function as the applications of our

main results.

Section-B is further extended to subsection-3.8 to 3.14. In first subsections-3.8,
the multivariable analogue of general function studied in section-A is defined in
subsection-3.9, we have given the definitions of multivariable Hurwitz-Lerch Zeta
function, multivariable Mittag-Leffler function and one theorem on integral
representation for this multivariable general function with the proof also given here.
Three theorems on the integral expressions are given in subsection-3.10 in terms of
Mittag-Leffler function for multivariable general function have given with their proofs.
In subsections-3.11 and 3.12 we have considered a mild extension for this multivariable
general function and also a new extended Mittag-Leffler multivariable function therein.
The four related theorems on integral expressions for this extended general function
and their proofs have given in subsection-3.13. In the subsection 3.14, we have given
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the new and known results deduced from main results and some new results have

recorded here as corollaries.

Chapter-4: Generalized fractional integral and differential operators and certain
extended k- generalized Mittag-Leffler type functions

This chapter is devoted to the new study of generalized fractional calculus for
extended k-generalized Mittag-Leffler function and its extended k-generalized Mittag-
Leffler type function via Marichev-Saigo-Maeda integral and differential operators.
The Caputo-type Marichev-Saigo-Maeda fractional derivatives are also established for
extended k-generalized Mittag-Leffler function as well as for extended k-generalized
Mittag-Leffler type function. The chapter have two parts: Section-A and B with ten
subsections-4.1 to 4.10.

The first two subsections-4.1 and 4.2 of this chapter have given definitions of
Riemann-Liouville, Marichev-Saigo-Maeda fractional integrals and derivative
operators Erdelyi-Kober operators, Caputo-type Marichev-Saigo-Maeda fractional
derivative operators, the Mittag-Leffler function and its k-generalization, the k-Beta

function, k-Gamma function and related function are also given as preliminaries.

Section-A, presents six fractional integral and differentiation formulae for
extended k-generalized Mittag-Leffler function using the generalized Marichev-Saigo-
Maeda fractional integral and derivative operators. It includes three subsections-4.3 to
4.5. In subsections-4.3 and 4.4, we have established six theorems using Marichev-
Saigo-Maeda operators, two of them deal with the Marichev-Saigo-Maeda fractional
integration. While next two theorems deal with the Marichev-Saigo-Maeda fractional
differentiation and the remaining two theorems are associated with the Caputo-type
Marichev-Saigo-Maeda fractional derivatives for the extended k-generalized Mittag-
Leffler function with their proofs. In subsection 4.5, we have given the Riemann-
Liouville integral and fractional derivative, Erdelyi-Kober fractional integral and
derivative, Saigo and Caputo fractional integral and fractional derivative of extended
k-generalized Mittag-Leffler function, as the applications of the main theorems the
twelve corollaries are given. Certain known results for simpler functions are also shown

to be obtained here.

Section-B have extended to subsections-4.6 to 4.9. In the first two subsection-4.6

and 4.7, we have studied a new k-extended Mittag-Leffler type function of arbitrary
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order. The definitions of related functions of arbitrary order are also given here. In next
subsection-4.8, we have given six theorems on generalized fractional operators
involving the extended k-generalized Mittag-Leffler type function with their proofs. In
subsection-4.9, as applications of the main theorems, the Riemann-Liouville integral
and fractional derivative, Erdelyi-Kober fractional integral and derivative, Saigo and
Caputo fractional integral and fractional derivative involving this extended k-
generalized Mittag-Leffler type function have shown to be obtained and given in twelve
corollaries. Certain known results for simpler form of Mittag-Leffler functions are also
obtained here in this subsection. In subsection-4.10, we have mentioned some known

special cases for the functions studied by some earlier workers.

Chapter-5: Fractional calculus operators and certain fractional order Kinetic
equations and differential equations with their solutions

In this chapter, we have obtained the solution of a general family of hybrid-type
fractional order Kkinetic equation for fractional derivative operators involving
multivariable general function associated to the multivariable Mittag-Leffler function
and multivariable Hurwitz-Lerch Zeta functions using the Laplace transform method.
This chapters divided into two sections A and B. This chapter includes ten subsections.
In first two subsectios-5.1 and 5.2, we have given the definitions of Hurwitz-Lerch Zeta
function, Mittag-Leffler function and their extensions. The multivariable general
function is also considered here. The operators Riemann-Liouville, Liouville-Caputo
and the Kinetic equations and Laplace transform with related functions are also defined.
Certain Laplace transform formulae related to these multivariable functions are also
given for the necessity to establish the main theorems.

Section-A have included 3 subsections-5.3 to 5.5. In subsections 5.3 and 5.4, we
have given three theorems of general hybrid-type fractional order Kkinetic equations
involving multivariable general function associated to the multivariable Mittag-Leffler
function and multivariable Hurwitz-Lerch Zeta functions for Liouville-Caputo
fractional derivative operator with their proofs. Our main results are very general and
capable to be yielding solutions of many known fractional order kinetic equations
involving the Mittag-Leffler function as well as involving Hurwitz-Lerch Zeta function
of one and several variables, certain special cases have given in subsection-5.5.

Section-B divided into five subsections-5.5 to 5.10. In first two subsections 5.6

and 5.7, we have given the definitions of Hilfer fractional derivative and Laplace
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transform of Hilfer derivative. In subsection 5.8, we have given three theorems on
general hybrid-type fractional order kinetic equations involving multivariable general
function associated to the multivariable Mittag-Leffler function and multivariable
Hurwitz-Lerch Zeta functions for Hilfer fractional derivative operator with their proofs.
In subsection-5.9, new results for the Riemann-Liouville and Liouville-Caputo
fractional-order derivative operator have obtained in six corollaries and certain known
results also shown to be derived here.

In subsection-5.10 we have given a special remark as the main results studied
here are very general and capable to be yielding solutions of many known and new
fractional order Kinetic equations involving the Mittag-Leffler function as well as
involving Hurwitz-Lerch Zeta function of one and several variables. The new direction
of research about the unified definition of the general function studied in this chapter is
given in view of general sequence of parameters.

For the references used in all these five chapters, a complete bibliography of 116

references is given at the end of this thesis.
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1. Introduction and Preliminaries

A general Hurwitz-Lerch Zeta functionq.’ﬁ(z, S,LI) is defined in the literature in the following manner
[1]:

@ n

$(z8a)=Y —— (LD

i (n+a)”
(ac %g ,S€E then|Z| <1 and RG(S) >1 when |Z| = 1)

Where C,R,R",Z represents the Set of complex numbers, Set of real numbers, Set of positive real

numbers and Set of integer number respectively and Z, =2~ U{U}, AR {—l,—2, —3...}

The Hurwitz-Lerch Zeta function;ﬁ(Z,S,a)is defined in (1.1) contains, its special cases, as the

Riemann Zeta function ¢ (S) and Hurwitz-Lerch Zeta functiond (S, a) defined by (see, for details,[1,
chapter I])

§(S)=i L 4@s.1) (Re(s)>1) (1.2)

n+l)5
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;’(S,a)=g 1 =#(1L,5,a) [Re(s)>1;ae%oJ ..(1.3)

n+a)

A generalization of the Hurwitz-Lerch Zeta functiongﬁ(z, S,a)was studied by Lin and Srivastava [2,
p.727, eq.(8)]

429 (r0) = 5 o2 y

o (v), (n +a)

(yeC;a,ve%,,p,aeR*;p<a whens,zeC; p=0c and s C when |Z|<5:p’pcr°;p:cr

0

and Re(s—4—v)>1 when 2| =6)

Where (}L)” denotes the general pochhammer symbol which is defined by in terms of the gamma

function by
-0 C
. {n =0Ade /{O}J

(4), = ———2 = .(1.5)
A(A+1).A(A+n—1) (a=N;AeC)

The function at p= & =1and v =1yields the Hurwitz-Lerch Zeta function defined and studied by
Goyal and Loddha [3, p.100, eq.(1.5)]

¢;(:5Ssa):§0(“:_)":— (16)

' (n+a)
(yeC;ae%o_,sEthen|Z|<land Re(squ)>1 when |Z|:l)

Further generalization of the functions ¢(Z,S,Cl)and ¢; (Z,S,a) was considered by Garg et.al [4] in
the following manner [4,p.313, eq.(1.7)]:

B (5:5,0) = ZM— ()

n=0 (V)”n! (a:+n)s
(Aue C;v,ae%_;se then|Z|<land Re(s+v—l—p!)>l when |Z|:1)
1]

A further generalization of a family of Hurwitz-Lerch Zeta function defined and studied by
Srivastava et al [5, p.491, eq.(1.20)] in the following form:
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n=0 (ij ! (n+a)s -8

(L ueCv,a e%_ ;0,0 keR" k— p—o>—-1whens,ze C;k— p—o=-1 and s e Cwhen
0
|z|<5* =p?6° k" k- p—o=—1land Re(s+vfﬂ,f‘u)>1when |z|:5*)

The well-known Mittage-Leffler function £, (z) in defined by following manner [13](See also
[14,15])

E,(5)= > m (zeC,Re(a)>0) (19)

This function further generalized by Prabhakar[16] in the fo]lowing form [See also [17]]:

El,(z)= Z an+ﬁ) ..(1.10)

(a,ﬂ,yeC;Re(a) >0,Re(8)>0.Re(y)> 0)

In view of extension of parameters, Mittage-Leffler function was also studied by Khan et al [6, p.2,
eq.(1.9)]

(L1D)

Where a, 8,1,8, 1,v, p,0 € C; p,q > 0and qSRe(a)+p and,
mjn{Re(a),Re(ﬁ),Re(n),Re(&),Re(ﬂ),Re(v),Re(p),Re(O')} >0if 5= p=1, it takes the

following form

= #) .\, 2
g (-5 n e 2 D)

o (v), T(an+p)n!
Where a, 8,1, 4t,v, p,0 € C; p,q >0and que(a) and,
min{Re(a),Re(ﬂ),Re(n),Re(,u),Re(v),Re(p),Re(a)} >0

Wright Introduced and studied the Taylor-Maclaurin Series [7, Pg.:424]:

s 200" (5 geCiRe(a)>0 1.13
s B =T (@,8cCRe(@)>0)  ..(113)
Where ¢(n) 1s a function satisfying suitable conditions Motivated by the work of Wright[7] EW.

Barnes [23] considered the asymptotic expansion of functions in the class which is defined as
follows:
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E® (s;= a,feC;Rela)>0 LL(1.14)
) (s52)= z(m) ) (¢, €CiRe(a)>0)
For suitable restricted parameters k and s

Recently for suitably restricted sequence{Qﬁ(n)}‘;), Srivastava [ 8] introduced and studied a class of
function [See also [9][10]]:

()-" where| & cl.hela LalL
- (#i5.5.0)= Zm here(a, € C;Re(a) > 0) (1.15)

(#)

For ¢(n) = H—'”the following function recently studied by Virendra [11, p.13, Eq.(1.9)]:

() z
.8, - — ...(1.16
(”” ’ a) g 5n+a)sr(om+ﬁ) n! (116

Where Re()>0;Re(6)>0;Re(a) > 0;Re(s)> 0;Re( ) > 0;Re(B) > Oand |2|<1

To give more extension in view of the parameters, we consider here the following more generalized
function defined and represented as below.

Ep,é,l,v (:, S,H) — i (ﬂ)5n (A')vn :” . (1 17)

whod Q(J);n(a+n)sf(an+ﬁ)n!
Where (, 8,1, A € Cja,0 € CZ_;5,V,§ER+;5—5_V>_IWhen s,zeC; -5 —v=—land
0
se Cwhen |Z| <P* :5”51,*"55; £-5—v=-1and Re(S+O'fﬂf/1)>lwhen |Z|:p*)

The integral representation of function defined in (1.17) is also obtained here and given as the
following theorem.

Theorem-1.1
For min{Re(a),Re(s)}> 0, 5, 4,2 € G a0 7 8,v, € R'3£—6-v>—lvith
0

‘z| <6 =8°v""E; integral representation of the function defined in (1.17) eﬁ‘;’;‘; (z, s, a)holds
true

Eﬁfgf,‘; (d,s,a) —%Ie"ﬂt 1 {Efgi'; ('e )}dr ...(1.18)

Where E ':; i‘; (Z) is the Mittage-Leffler function defined in (1.12)

Proof: The function defined in (1.17) can be wrnitten straight in the following form
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E‘u(;frvi(ﬂs a)_ i(a) nﬁn( )m { L }

T (an+f) |(a+n)

Now using the following elementary Gamma integral

T s (asn)i g (min{Re(s),Re (a)} >0:n ENO) . (1.19)

a+n)

and then changing the order of integration and summation, we have

R 1 T —at .5 c (/u)n( )vn (:e_r)n
ens (2,8,a)= I_S'[e e Z(O_ & dt

o )5 T(an+ﬁ) n!

On interpreting the inner series in view of (1.10) we at once arrive at the desired result it completes
the proof of theorem (1.1).

+1-1

Throughout the paper {m
m

} = (?%)’ where (m)I is the pochhammer’s notation

2. Generating Functions

The four generating functions involving the general function define in (1.17) are establish here.

Theorem-2.1
For min{Re(a),Re(s)}> U;a,ﬁ,u,}t eC;a,0€ %w;é‘,v,f eR;E—S—v>—lwith
0

‘Z‘ <8 =8v"E we have

i -1
S et s el <2t () 2D

=0

Theorem-2.2
For min{Re(a),Re(s)}> O, u,AeCia,oc G/, 36,6 €R'E 6 -v 2 lwith
0

‘Z‘ <8 = 5_5V_V§:we have

i[s +§§_ IJ E{::‘;’i’z (z.s+21, a)tﬂ = % [eﬁi‘i’"& (z.s,a+1)+ E:;‘;’i’; (z,s,a ﬂ‘)} ..(2.2)
fan
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Theorem-2.3

For min{Re(a),Re(S)} >0; a, B u,leCia,ce CZ“;S,V,f eR*;g—S—vzflwith
0

‘Z‘ <8 =6"v " E we have
pn

Theorem-2.4

r

- [1(6)

>
“11s)

j=1

( $o-5 541 ]_
afol | 7? i - A T
= !

=l

_ (ﬂ)é'n (’l)w z" 1 (Gp); t
=2() FL

;nl—'(an+ﬁ) n! (a+n)‘z;:q_g% Py

Where , F_is a generalized hypergeometric function defined by

RN ) (O
Fﬁ ]z 2 (e

Outlines Of Proofs
Proof of Theorem 2.1:

Let left hand side of (2.1) is denoted by A,i.e.
2 (s+1-1
AI:Z g EZ’;"L’Z :,s+l,a)tj
= I B,
On using the defmition (1.17) and changing the order of summation we have

PR S ) M €O s {ZQ & J}

H=o(o')£n(ar+r.¢)’1“(0:::u+}3)n! “ I la+n

https://internationalpubls.com
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Now on using the binomial expansion (1-x) " = iﬂx” , we have
n=0 FI:

A, i (4)5,(2),, 1

= 0') a!l (an+ B) (a— t+n)
Now on interpreting the resulting series in view of (1.17) arrive at the desired result in (2.1)
Proof of Theorem 2.2:
Let left hand side of (2.2) is denoted by A,i.e

2711
A, ,Z[H J erorx (z,5+20,a)"
On using the definition (1.17) and changing the order of summation we have
© n - 2
AZ 2 ‘u)dn( )vn - Z( )ZI { t J
pars (0') (a+n) T(a+np)n! iz 2N\ a+n
Now in view of the binomial expansion

S o= [0 (107

1t takes the following form

@_{* WaPu? e (007 ]

2|3 (O’)C" all'(an+ f)(a—t+n) % (O');”n!l“(an+ﬁ)(a+t+n)x

On interpreting the resulting series in view of definition (1.17), we at once arrive at the desired result
in (2.2)

Proof of Theorem 2.3:
Let left hand side of (2.3) is denoted by A, ie

> (s+2]
A= §[21+1J enih (:,S+2[+1,a)tﬂ !
On using the definition (1.17) and changing the order of summation we have
A=3 (4)5,(2),, =" S () ( ! )’
33 (0),, n'T (an+ B)(a+n) T Q2+)a+n

Now in view of the binomial expansion
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e sl -]

It takes the following form

A, :% i (‘L[)ﬁn (’1)” = _ - ('”)5” (/l)w z*

n0 (O');”I‘(anJrﬁ)(athn)sn! n0 (O');”I‘(anJrﬁ)(aHJrn)sn!

On interpreting the inner series in view of definition (1.17), we at once arrive at the desired result in
2.3)

Proof of Theorem 2.4:
Let left hand side of (2.4) is denoted by A, i.e,

Ed

® 1_1[ 6),' s r i £
A= gﬁ( ) Sgipt [:’ZI:B"_Z;'BJ-FLHJ?
Z = Fx !

=1

~

On using the definition (1.17) and changing the order of summation we have

"1

(#),, (A), =" iH(QL( 1
(G)g,,nll"(an+,8)(a+n)29 Zﬂ, =0 (ﬁ,), a+n) I

i

I
1[s

Now interpreting the inner series into generalized hypergeometric function | F, in view of (2.5) at

once arrive at the desired result in (2.4)

3. Mild Extension And Associated Generating Functions

A mild extension is also considered here, it is defined and represented in the following manner:

. (#4)5, .
Etj;),i(::)),(pq) (55:0)=> = ? ..(3.D)
H]H(O—J)p (a+n) r(an+ﬂ)
J= "
Where(p,q eNys s,z i, a,FC (i =1,2,.......p);a,aj IS %_ ( ), .0, cR*
0

(i=1,2, ....... p;j=l,2,.......q))

The integral representation for the above function defined in (3.1) 18 given in the following theorem.
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Theorem 3.1:
Forp,qe]vo;s,:,ﬂr,a,ﬁec(i:l,Z,.... ; a,6 G/Z" j=L2,.... q);éfl,pjeR+
(i=12.p;j=1L2,.....q)

("‘p)’(‘sp) _ L 7 —af -1 ﬂ ot
Ea,ﬁz(%)( 25, 0—' = Ts ;[e E (s,) (_.e }i]f ..(3.2)
Where E( ( =)is the Mittage-Leftler function defined as follows:

o lur n n

E(ﬂ‘p)‘(dp} (_) _ Z 1;[( )4
wslog) o) 7 7

"11(e,), I(an+B)

Jj=1

|ll

' ..(33)

=

Proof: Theorem 3.1 can be easily proved following the similar lines as to prove Theorem 1.1

The four generating functions involving general function defined in (3.1) are establish here and given
in the following theorem (3.2) to (3.5).

Theorem 3.2:

Forp’qEN";S’:“”r*“’ﬁEC( =L2,. ,ac' G/Z' j=L2,..... q);é},pj cR*
(i=12,.....p;j=L2,......q), we have
® (s+1-1 (2 ){5,) La)f— p y
;Z I Dl G D py (a1 ..(3.4)

Theorem 3.3:
Forp,ge N,is,=, 14 aﬁec( =1,2,.. ),a,cje%_ (j:1,2, ....... q);é},pj cR*
1]

(i:l,2,.......p;j:l,2, ....... q),we have

kad S+2] 1 RICA 2 l Hp %5 Hao W8
Z[ J ;);((G!)),(pg) (z,s+2La)t ":5[6&:‘3{{%)}{%} (z.s,a+t)+ E(a,g};({o,,}),(p,} (zs,a —t)]...(S.S)

=0
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Theorem 3.4:

For p,ge N,ss,z. 41, a0, f e c(i =1,2,.......p);a,o'j e%_ (j =1,2,.......q); 5P ert
i}

(i=12p;j=12,..q)

™

3 [S+2l] E(‘f’)'(ﬁ”) ’ (:,s+21+1,a)tz‘”l:%[e(ﬂ”)’(a"} (z,s,aft)fe(:")’(a"))( ) (z,s,a+t)}...(3.6)

i 20 +1 a.f:{7;){e,) FCAE

Theorem 3.5:

FOIP,(IGM ;_g,:“ui,a,ﬂe C(l :l,z,.......p);a,gj 6%_ (J’ :1,2,q), é‘l’pj €R+
Q

r k
(z’ =L2 i f = 1,2,.......q);Re{Z€u]> Re{Z/IvJ > 0;‘t
=1

<1 where _F inthe generalized
o a P g

hypergeometric function defined in (2.5)

. 23, r k E’
Y [“”Z"" LA ”“JE

u=l v=l

5 e I}F{(a,); r} -B)
PT1e), Tansp) ™ (armed " LASets

The proof of Theorem (3.2),(3.3),(3.4),(3.5) are developed following the similar lines as to proof of
(2.1),(2.2),(2.3) and(2.4) respectively in view of the definition of general function defined in (3.1)

4. Applications

The functions studied in this paper are very general in nature and unify all the functions related to
Hurwitz-Lerch Zeta function, therefore many known and New results can be obtained from our main
results. As an application, some of these have been shown to derive as follows.

(i) If in the result (1.17), we consider Lim a — 0, then it reduces to the known result due to
Srivastava et al [5, p. 494,eq. (2.4)]

(i) If in result (2.1) to (2.4), we apply Lim a — 0, then these results reduce to the known result
studied by Gupta [12, pp. 132-133, eq. (2.9.1) to (2.9.4)]respectively.

(iii) If in result (3.2) we take Lim o — 0, then it reduces to the integral representation for
Hurwitz-Lerch Zeta function studied by Srivastava et al [5, pp.504, eq. (6.4)]

(iv) If we take o — 0, the result (3.4) to (3.7) reduce to known results for Hurwitz-Zeta function
due to Gupta [12, pp. 134-135, eq. (2.9.7) to (2.9.10)]

v) Ifwetake H=0,5=£&,v=1 in (2.1), it reduces to the known generating function due to
Virendra [11, p. 17,eq. (3.1)] at § =1.
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(vi) For p=2,g9=1, =0, v=1, &= &the theorem 2.4 provides the known results due to
Virendra [11, p. 17, Theorem (3.2)].

5. Conclusion

The general function and its Mild generalization studied in this paper unify all the function related to
Hurwitz-Lerch Zeta function, its extension as well as the Mittag-Leffler function and their extension
scattered in the literature. Many properties involving these general functions like The derivatives, the
fractional calculus and fractional order differential equations and more results related to finite and
infinite integrals can be established. The present study is worthwhile as the properties of Mittage-
Leffler function and their generalizations are being study [18,19,20]. The Mittag-Leffler function is
widely used to solve differential equation of fractional order [21,22]. So our proposed study will be
very useful to the young researchers, who are engaged in the field of study.
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1. Introduction

A general Hurwitz-Lerch Zeta ﬁJnctiou¢(:,s, a) is defined in the following form
[1, p.27,eq.(1.11.1)]:

#(z.s,a)= 2 (1.1)

(n+a)

(ae%,,sethen |2/ <1 and Re(s)>1 when |z|=1)
(1]

The Hurwitz-Lerch Zeta functiongb(:, S,ﬂ) is defined in (1.1) have a special case, as the Riemann Zeta

function £ (5‘) and Lerch Zeta function& (S,a) defined by following manner [1, Chapter-1]
[2, Chapter-2]

£(s)= Z(ﬂ )_¢(1s1) (Re(s)>1) (1.2)

(s,a)= 2 #(1,5,a) {Re(s}>1;ae%0J (13)

n+a)

An extension of the Hurwitz-Lerch Zeta function was investigated and studied by Lin and Srivastava in
following manner [3, p.727, eq.(8)]
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40 (5a) =3

0 (rre) £

(peC;a,ve%_,p,aeR*;p<Gwhens,ZEC;p:0' and s € C when |z|<d=p“0”;p=0c
]

and Re(s— ¢—v)>1 when |z|= &)
Where(,’u)H denotes the general pochhammer symbol which is defined by

(7), = (}'M) (15)

(7)0 = 1,(7/)” = y(y+1) ..... (r+n-1)
wherern =1,2,....

We can find from (1.4) that

4 (550 = (o) = 31T 16

o 1l (a+n)
(yeC;aE%_,sethen‘:kland Re(s—u)>1 when |2|=1)
0

Where (z:‘t; (:,s,a) is the Hurwitz-Lerch Zeta function considered by Goyal and Laddha
[4, p.100, eq.(1.5)].

A generalization of Hurwitz-Lerch Zeta function (1.1) and (1.6) was defined and investigated by
Garg et. al. [5, p.313,eq.(1L.7)]:

n'

¢l.uv =54 ) Z

s V) n' (n+a)

(1.7)

(LueCv,a e%,;se C when [:| <land Re(s+v—A—u)>1 when || =1)
0

A further generalization and investigation of a new family of Hurwitz-Lerch Zeta function defined by
Srivastava and Pogany [6, p.491, eq.(1.20)] in the following form:

» (4) (p o
2t )= 5 Do 0

n=d (V);m n! (a+ n)s

(A, uecC; V,CIE%_; p,okeR* k—p—o>-1when 5,2€ C;k—p—o=-1 and s €C when
0
|z|<6"=p7o°k*; k—p—o=—land Re(s+v—Ai—u)>1when|z[=5")

The well known Mittag-Leffler function £, (:) is defined by following form [19] (See also [20]):

@ n

Ea(:):gm, (ze C,Re(a)>0) (1.9)
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A generalization of Mittag-Leffler function is introduced by Prabhakar [21] as follows:

= (),

Er (=)= 1.10
7 () ;F(mﬂrﬂ)n! (1.10)
where &, 8,7 € C;Re(a) > 0;Re(8)>0,zeC
This function further generalized by Srivastava and Tomovski [22] as following form
(see also [23],[24]):
© ?) -
E ()= ( bz 1.11
a’ﬂ( ) gr(an+,6’)n (11D
where Z,ﬁ,;v,keC;Re(a)>max{0,Re(k)fl} e(k)>0
In view of extension of parameters, Mittag-Leffler function was also studied by Khan et. al.
[7, p.2, eq(1.9)]:
PP ( ) Z en 7"")c;n z" (1.12)
a_BvaEP "0 a 5)pn F(an+,6)

where &, 8,1, 8, 1,v, p,0d € C;p,qg>0and q= Re(a)+p and

mjn{Re(a),Re(ﬁ),Re(?;r),Re(é),Re(y),Re(v),Re(p),Re(O')} >0
The function (1.12) at § = p =1 takes the following form

B () :i—(ﬂ)"" U (1.13)
o 0 (V)mn!l"(an+ﬁ)
where &, £,7,v, p,0 € C;and min{Re(a),Re(ﬁ) Re(n),Re(v), Re(p),Re(o*)} >0,
In 1940, Wright Introduced and studied the following Taylor-Maclaurin Series [8, p.424]:

e #(n)”
€0 (¢,~)—"§r(an+ﬂ) (1.14)
(a,ﬁeC;Re(a)>0)

where ¢ () is a function satisfying suitable conditions.

Motivated by the work of Wright [8], E.W. Barnes [16] considered the asymptotic expansion of function
in the class which is defined as:

«

s, _ (1.15)
nz=<; (n+k) l"(chrﬁ)
(a,ﬂ eC:Re(a)> 0)
for suitable restricted parameters £ and s.

Recently for suitably restricted sequence {¢5 (n)}i;o , Srivastava [9] introduced a class of function
(See also [10],[11]):
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s (#:25,a)= i—( ")z (1.16)

0 (a +n) F(an+ﬂ)
(a,,ﬁ eC;Re(a)> 0)

(ﬂ)

Further for gb(n)— 2 the following function recently studied by Kumar [12, p.13, eq.(1.9)] in the

following manner:

i (#), z"
(5n +a) T(oerﬁ) n!
where Re(,u)> 0;Re(5) >0 ;Re(a) > O;Re(s)z 0;Re(a)> O;Re(ﬁ) >0and |:|51.
To give more extension in view of the parameters the following more generalized function defined and
represented as below [25, p.954, eq.(1.17)]

(1.17)

it o) 5 a2 )

wher (c),, (a+n) T(an+p)n!

pn

where &, B, i, L€ Ca,0 € CZ_;5,V,pER+;p—§—V>—lwhen s,z2eC;p—6—v=—land

]

p°; p—8—v=—land Re(s+0— p—A)>lwhen I:lzfx

J—V

sethenl |<’g’ =8

Through out this paper, we used to the following well known facts and rules.
(i)  The Riemann-Liouville fractional derivatives operator D/ is defined by [13 p.181]:

oy d, (Re()<0)
DH{f(=))= r( *;m (1.19)
ZD“‘_m{f( )}’ (m—lsRe(y)<m(meN))
It is known that
T(A+1)

D#{=*} :m:*‘”,(m(ﬁ,) >-1) (1.20)

(ii) The Gamma integral [14, p.884,eq.312(2)]

L{?[):J‘x“"e'“dx,Re(a)>0 (1.21)
a 0

(iii) The Binomial expansion [15, p.20,eq.(29)]

(1-x)" = i(a)"% (122)

n=0

where (a)” is the pochhammer’s symbol defined in (1.5).
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The integral representation of the function defined in (1.18) is also studied by the authors in
[25, p.954, eq.(1.18)] as the following theorem.

Theorem-1.1
For min{Re(a),Re(s)} >0 a,B,u,AcCia,0c %n_ (S, v,peR*; p—8—v = —lwith
|| <& =6"v"p”

the integral representation of the function egz;’i‘; =,5,a)holds true

a.f.a.p a.f.o.p

E}l,ﬁ,l,v (:S s, a) :%je—arfs—lE,a,é',i,v (:e—t)dt (1.23)
5%

where E ;’,’g:i’; (=) is the Mittag-T.effler function defined in (1.13).

2. Integral Representations And Fractional Derivative

In this section the three integral representations for the function (1.18) and the fractional derivative
involving this general function are established.

Result 2.1
Forw,/l,,ueC;vE%,;p eN,,;min{Re(a),Re(s)}>0;§,VER+;p_§—V2—l with equality
]

when |:] <E =TV pr,

we have the following integral representation

€hion (55,a)= %Z(T{_r)kf e (1—e ) B (s ) de 2
]

k=0

provided that each the side of (2.1) exists and E* Sy (:) is the Mittag-Leffler function defined in (1.13).

apo.p
Result 2.2
ForA,ueC; ve %, ; mjn{Re(a),Re(s]} >0; 8,v,peR"; p—&—v>—1 with equality when
Q
|:| <& =5vTpF,
we havethe following integral representation

D)

s (:’ s,a) %i?t’_le{ﬁ 2 }f (l_eﬂm)f) FrdA (:e—l) da (22

af.o.p a.f.o.p
k=0 g

provided that the each side of (2.2) exists and E#SAY (:) is the Mittag-Leffler function defined in (1.13).

a.B.0.p
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Result 2.3

Let (a” )neN., be a positive sequence such that the following Infinite series Ze"’"’ converges for any

n=0
te R and for min{Re(a),Re(s)} >0
we have the following integral represeutation
Egzﬁ; _ ths—l —~{a-ag+a,) |: e—(a,,u—a ) JE:Ei;(_e—r) dr (2.3)

nO()

provided that the each side of (2.3) exists and E* ; i:, ( ) is the Mittag-Leffler function defined in
(1.13).

Result 2.4

For Re(v)>0and p >0, we have the following fractional derivative

D (s gt ()} =22 s (2,5.0) =

provided that each the side of (2.4) exists.

Outlines Of Proofs

Proof of Result 2.1
To prove result (2. 1), let the right hand side of (2.1) is denoted by A, i.e.

N B Ir‘“ (e B () e

On changing the order of integration and summation, we have
A ( )k —pt x—le—ar l_e—pr E,u §.Ay _e—r dn‘.‘
S e e ey b o
Now using the binomial expansionfrom (1.22), above expression takes the following form
L5 a -
A= — [l ErSR (2o ) dt
' TIs J; p p( )

Now interpret the above integral in view of (1.23), we arrive at once the desired result in (2.1).

Proof of Result 2.2
To prove result (2.2), let the right hand side of (2.2) is denoted by A, i.e.

{ i:{}ul]]‘
e [l—e_(hm} E#SAy (g™ Vdt
2 rS g'[ af.o.p ( )
Using the integral representation (1.23) the above integral can be written as

A, Ze:‘fﬂi“p [d, ,a+_k(k2+l)]ie§:§ﬁ; {:;s,a+(k+l)g+1D

k=0
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Which gives
k(k+1)) & k
_ AV [ _. 8,47 — 8.4V —_
A, =€l o (d,s,a)JrZEﬁﬂﬁ ; [d,s,a +T 7Z€:,ﬂ,5,p d,s,a+(k+l) E+l
k=1 k=0
After simplifying, the complete expression becomes Ea ﬁ o (:, S,a) and we get the required result in

(2.2).

Proof of Result 2.3
To prove result (2.3), let the right hand side of (2.3) is denoted by A, i.e.

ths—l —{a-ay+a,) [l_e—(a,,ﬂ—a L)t ]E:Ej:’(,_ _f)dt

S =0 0
Using the integral representation (1. 23) it can be written in the following form

naAy nd Ay
A= Zeaﬂap d,s,a—a0+a Zeaﬂgp _f,s,a—a0+a”+l)

Which gives

o

_ Ay n8.Ay _ _ FIN Y - _
A, _Etx,,ﬂ,o',p 5,4 +Z€aﬂap o8,a—a, +a”) Zeaﬂ‘w (d,s,a a, +aml)
n=0

After simplifying, the above complete expression becomes Ea ,s o (',S,a) and we get the required result
in (2.3).

Proof of Result 2.4
To prove result (2.4), let the left hand side of (2.4) is denoted by A, i.e.

A4=Df_r{ ol ghsay (:"’;S,a)}

a,f.o.p
Using the definition of (1.18) and on simplification we have the following form
— - (‘u)éi:‘(ﬂv)m D’o'—r {:piHo'—l}
0 (O—)pn (a+n) T((xn +ﬁ)n! )
Now on using (1.20) and (1.5), itcan be written as follows
— r_O' 1 - (‘u)én (A)vn (:’0)

Tz" 5(z), (a+n) T(an+p) n

4

4

On interpreting the series in view of (1.18) we achieve at once the desired result in (2.4).

3. Mild Generalization

We also studied here a mild generalization of the function defined in (1.18) in view of parameters. it is
defined and represented in the following manner [25, p.958, eq. (3.1)]

(,u 6 & H(‘uf)é',-n :"
ea;(; (z35,a)= Z 7 =1 = (3.1)
GH( ) a+n) T(an+ﬁ)

J=1

https://internationalpubls.com 1246



Panamerican Mathematical Journal
ISSN: 1064-9735
Vol. 35 No. 4s (2025)

where p,g e N,; s,z 1, a,€Ca,0 G/Z, pJER"’V(I':l,Z, ....... pii=L2.... q),

and (ﬂp)s yl,yl,...,yp;(é’ ) &,,8,,....0, and similar notation stands for ( )and (pq)

The integral representations for the function defined in (3.1) are also recently studied by the authors
[25, p.959, eq.(3.2)] as the following result.

Result 3.1
FOl'p,qENO;S,:,M,OE,,BEC;G,UJE%,;(i,pJER*',V(i:l,Z, ....... pii=L2.... q),
0

we have,

i) (~,s a) —*Iew gl o) )(:eﬁ)dt (3.2)

oo a.pion)e
provided that each the side of (3.2) exists and E(" M) (:) is the Mittag-Leffler function defined as

a@.6{7,}(7)
following manner|[25, p.959, eq.(3.3)]:

(o) . T, ]
o:,fi‘(o- Vo) (5):Z rap—
‘TI(e ) I‘(oerﬁ)

Jj=1

(3.3)

H
xlll

Certain new integral representations for the generalized function defined in (3.1) and the fractional
derivative involving this general function are established here as given below.

Result 3.2
For all i=12,....... pP; =12, q; p,ge Ny s,:,y!eC;a,aje%_;d,pjeR*
a

mjn{Re(a) ,Re (s)} >0, we have

- ( s-1 -(-9+kp) _ " (’“F}’(EP] —at
S ﬂ 59 (d,s, a) 2 It (1 e ) Ea,ﬁ;(a!),(p!} (_e ) dr (3.4)
provided that each the side of (3.4) exists and Eg"‘)((a ( ) is Mittag-Leffler function definedin (3.3).
Result 3.3
Forall i=12,.....p; j=L12,....... q;0,9€Ny; 5,74, €C; a,0; G/Z’ p,ER”
mjn{Re(a) ,Re (s]} >0, we have

E(k+1)

)4, ))'(pg) (:;s,a) _ Zj‘t:—l _[MT}{ |:1 4’”1)’] E(ﬂp)(ﬁ )( )(:e—f) dt (3.5

sy @ {7

provided that each the side of (3.5) exists and £ (s )((5) (21) (:) is Mittag-Leffler function definedin (3.3).
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Result 3.4

Forall i=1,2,....p; j=12,.q; p,g €Ny 5,5, 4, €C; a0, 6%_; &,p, €RY
)

min {Re(a) ,Re (s)} > 0. Also let (a" )neNo be the positive sequence such that the following infinite

o
series > ¢ ™' converges for any ¢ € R" then
—0

(le) o N LT et e Sammay] omME)
Loieniey Gioa) =g Y[ et B, () 69

n=0 g

provided that each the side of (3.6) exists and E{E’:{;_)(’f”))(p ) (:) is Mittag-Leffler function defined

in (3.3).
Result 3.5
For Re(v)> 0;.4 >0 we have the following fractional derivative
_ 3 Iv . e, v 8, )/l
Do e tsa }:—:’ t ) ¥{a). =*is,a 3.7
z { a,ﬁ;(ag),(p!) ( ) Tr cz,,ﬁ:(ag),x,(p!),fi, ( ) ( )

provided that each the side of (3.7) exists.

The proofs of Results 3.2, 3.3, 3.4 and 3.5 follow the similar lines as to prove the results in equations
(2.1),(2.2),(2.3) and (2.4) respectively in view of the definition of generalized function (3.1).

4. Certain Known Special Cases

()  For limit @ — Othe results (1.23), (2.3), (2.4), (3.6), (3.7) reduce respectively to the known results
due to Srivastava et al.[6, p.494, eq.(2.4); p.496,eq.(2.18); p.502, eq.(5.1); p.505, eq.(6.9); p.505,
eq.(6.8)].

(il  If in results (2.1) and (2.2), on letting limit @ — 0 these reduce to the known results due to Gupta
([17], pp. 188-189, eq. (3.9.1), (3.9.2) at b=0).

(iii) If we take limit @ - 0 and § =v = p =1 in (2.1) and (2.2) then these reduce to the known results
due to Garg et al [5, p. 314, egs. (2.4), (2.3)] which in tum at ¢ = o, A =1 gives the results
[18, p.129, eqgs. (46),(47)].

(iv) If we consider limit « -0 and §=v=p=1,4=0in (2.4) then it reduce to the known result
due to Gupta[17, p.149, egs.(3.4.7)].

(v) Ifwetakelimit @« >0 and § =v=p=1,7= g in (2.4) then it reduce to the known result due to
Gupta [17, p.149, eqs.(3.4.8)].

(vi) For limit & — 0, the Result 3.5 reduce to the known result due to Gupta ([17], p.175, eqs.(3.8.16)
at b="0and g=1).

5. Conclusion

The integral representation and fractional derivatives of a general function studied by Srivastava [9] and
Kumar [12] are investigated in this paper. The series integral representation involving Mittag-Leffler
function are evaluated in term of this general function. As this general function unifies many functions
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related to Hurwitz-Lerch Zeta function and Mittag-Leffler function. Therefore many integral
representations and fractional derivatives of simpler function can be derived. We have given few known
results obtained as special cases in Section-4 from our main results studied in this paper. Recently the
authors [25] established certain generating functions for the function defined in (1.18) and it’s mild
extension defined in (3.1). We refer [25] to the interested readers. These results are very useful and
provide new direction and further scope of research for the young researchers engaged in the field.

References

1. Erdélyi, A., Magnus, W., Oberhettinger, F. and Tricomi, F. G., Higher Transcendental Functions,
Vol.I, McGraw-Hill Book Company, New York, Toronto and London, (1953).

2. Srivastava, H.M. and Choi, J., Series Associated with the Zeta and Related Functions, Kluwer
Academic Publishers, Dordrecht, Boston and London,(2001).

3. Lin, S.-D. and Srivastava, H.M., Some families of the Hurwitz-Lerch Zeta functions and associated
fractional derivative and other integral representations, Appl. Math. Comput. 154 (2004), 725-733.

4, Goyal, S.P. and Laddha, RK.,On the generalized Riemann zeta functions and the generalized
Lambert transform, Ganita Sandesh 11,(2), (1997), 99-108.

5. Garg, M., Jain, K., and Kalla, S.L., A further study of general Hurwitz-Lerch zeta function,
Algebras Groups Geom. 25 (2008), 311-319.

6. Srivastava, HM. and Pogany, T K., Integral and computational representations of the extended
Hurwitz-Lerch Zeta function Integral Transforms and Special Functions Vol. 22, No. 7,(2011),
487-506.

7. Khan, M.A, Ahmed, S. On some properties of the generalized Mittag-Lefflerfunction., Springer
Plus.,2, (2013), 1-9. Article ID 337.

8. Wright, E. M., The asymptotic expansion of integral functions defined by Taylor series. I, Philos.
Trans. Roy. Soc. London Ser. A Math. Phys. Sci. 238 (1940), 423-451.

9. Srivastava, H. M., Some families of hybrid -type fractional order Kinetic equations based upon the
hilfer type and other related operators of fractional derivatives, Jour. of non linear and convex anal,
volume 25, (2024), 2647- 2669.

10.  Srivastava, HM., An introductory overview of fractional-calculus operators based upon the Fox-
Wright and related higher transcendental functions, J. Adv. Engrg. comput., 5(3), (2021),135-166.

11.  Srivastava, H.M., Some parametric and argument variations of the operators of fractional calculus
and related special functions and integral transformations, J. Nonlinear Convex Anal., 22(8),
(2021),1501-1520 .

12.  Kumar, V., On a Generalized Mittag-Leffler Function and Fractional Integrals Fundamental
Journal of Math.andApp.7(1) (2024), 12-25.

13.  Erdélyi, A., Magnus, W., Oberhettinger F. and Tricomi F. G., Higher Transcendental Functions,
Vol .IIl, McGraw-Hill Book Company, New York, Toronto and London, (1954).

14.  Gradshteyn, 1.S. and Ryzhik I.M., Table of Integrals series and products, 6th ed., Academic press
London (2000).

15. Srivastava, H.M., and Karlsson P.W., Multiple Gaussian Hyper Geometric series, Ellis Horwood
Limited, Chichester,(1985)

16. Bames, E. W., The asymptotic expansion of integral functions defined by Taylor’s series, Philos.
Trans. Roy. Soc. London Ser. A Math. Phys. Sci. 206 (1906), 249-297.

https://internationalpubls.com 1249



Panamerican Mathematical Journal
ISSN: 1064-9735
Vol. 35 No. 4s (2025)

17.

18.

19.
20.

21.

22,

23,

24,

25,

Gupta, J., Investigation in generalized special functions and the fractional calculus with it's
application to univalent and multivalent functions, Ph.D. thesis, University of Kota, Kota, India,
(2011).

Lin, S.-D. ,Srivastava, HM. and Wang, P.Y., Some families of series and integrals associated with
the Diagamma and Zeta function, J. Fract. Calc., Vol.23 (2003), 121-131.

Mittag-Leffler, GM., Sur la nouvelle fonction E (x).C R Acad. Sci. Paris., 137, (1903), 554-558.
Mittag-Leffler, GM., Sur la r1epr'esentationanalytiqued;unebrancheuniformedune function
monogéne: cinquiéme note. Acta. Math., 29, (1905), 101-181.

Prabhakar, T.R., A singular integral equation with a generalized Mittag-Leffler function in the
kernel. Yokohama Math J. 19, (1971), 7-15.

Srivastava, HM, Tomovski, 7., Fractional calculus with an integral operator containing a
generalized Mittag-Leffler function in the kernel. Appl Math Comput. 211, (2009), 198-210.
Shukla, A.K., Prajapati, J.C., On a generalization of Mittag-Leffler function and its properties. J
Math Anal Appl. 336, (2007), 797-811.

Salim,T.O. and Faraj,A.W. , A generalization of mittag-leffler function and integral operator
associated with fractional calculus, Journal of Fract. Calc. and Appl., Vol. 3. (2012), No. 5,1 -13.
Jaimini, B.B. and Tatwal, M.K., Generating function involving general function related to Hurwitz
Lerch Zeta function. Commun. Appl. Nonlinear Analy. Vol.32 No.(85) 2025,

951-962.

https://internationalpubls.com 1250



CERTIFICATES OF
PAPERS PRESENTED IN
SEMINAR/CONFERENCES



INTERNATIONAINGONEERENCE (CHIENETE2055)

On]
gMultidisciplinanyfApprioachitolNayvigatinglEmenginoRiiendsye)
ﬂil@ﬁdhiﬂ umanities and Science for

Sustainable Development"
Organized by

Seth Nand Kishor Patwari Government College Neem Ka Thana (Raj.) India

JANUARY 13-14, 2025

L

This is to certify that Prof./Dr./ Mr./ Ms./ Mrs. ...MANOJ KUMAR TATWAL | Designation. . e s

of College / Institution/ University....Co0t. College Bundi @ e eeeceressessas e s e s aaas

\
-
)
s
>
-
&

has participated in the International Conference organized by Seth Nand Kishor Patwari Government College

Neem Ka Thana Raj. (India) as a Keynote Speaker / Chairperson / Co-Chairperson / Invited / Oral Presenter/
Fractional Calculus Integral Operator Associated

Poster Presenter/ Delegate. He / She presented a paper entitled .............c...l Sl

iR Cenarpll@d Sl RIS, . oceversuionesessssnsimnssns NSRS SRR AR A S AR
P < w,_\ R"”-‘» M

Prof.Santosh Kumar Verma Sh. Ramchandra Yadav Sh. Ramem-r-a Bairwa Dr.lshwar Chand Balaee

Principal & Patron Convener Coordinator Organizing Secretary




INTERNATIONAL MULTIDISCIPLINARY CONFERENCE

on
Recent Advancements in Education, Artificial Intelligence Humanities,
Socual Scnences & Sciences for Achieving Sustainable Development Goals

(IMCSDG-2025)

@ Vlvek P.G. Mahavidhyalaya ™ Inspira Research Association- IRA ——
Teee  Jahvan Jalpur, Rajasthan, India -@ Jaipur, Rajasthan, India 29-30 AUGUST 2025

www vwekpgcollege com www.inspirajournals.com

CERTIFICATE

This is to certify that
MANOJ KUMAR TATWAL

ASSISTANT PROFESSOR MATHEMATICS, GOVT. COLLEGE BUNDI

has participated in the conference.
He/She has also presented a paper entitled

“CERTAIN INTEGRAL REPRESENTATION AND FRACTIONAL
DERIVATIVES ASSOCIATED TO GENERALIZED SPECIAL
FUNCTION RELATED TO HURWITZ-LERCH ZETA FUNCTION”

N e T @28

“Dr. N.R. Bhaker Prof. (Dr.) S.S. Modi Dr. Anita Dr. Ravi Kant Modi EiGE ErE
Principal President Organizing Secretary (IMCSDG) & Organizing Director (IMCSDG) & ; ~: By 3
Vivek PG Mahavichyalaya Inspira Research Association-IRA HoD of Botany, Vivek PG Mahavidhyalaya General Secretary = - %

Kalwar, Jaipur, Rajasthan Jaipur, Rajasthan Kalwar, Jaipur, Rajasthan Inspira Research Association-IRA




CERTIFICATE OF APPRECIATION

This is to certify that Ms./Mr./Prof./Dr.

of Govt.College Bundi has presented a paper entitled “Cértain results involving Multivariable class of furctions
associated with extended Hurwitz Lerch Zeta Function” at 3™ International Conference on Computational
Applied Sciences and Its Applications (ICCASA-2025), organized by the Department of Basic Sciences, University
of Engineering & Management, Jaipur, held on September 20-21, 2025. We express our sincere appreciation for
the valuable contribution towards the success of the conference.

b 1l B vepees gge

Dr. Praphull Chhabra Dr. Tarun Sharma Dr. Arnab Palui Prol. (Dr.) Blswajoy Chatterjee Profl. (Dr.) Pradecp Kemar Sharma
Convener. ICCANA-2025 Convener, ICCANA-2025 CoCanvener, ICCASN-2023 Vice Chaocellor. UEM Jaipur Reghstrar & Provost. VEM Jaipar




